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NPEJHUCJ/IOBUE

Ilonarne wyucna ckJajpiBaloch B MaTeMaTHKe
NOCTENEHHO B pesyJbTaTe MAJUTEJLHOTO Ppas3BUTHSA, KOTOPOe
IJIO TIOJ| BO3/JIEACTBUEM MPAKTHKU U BHYTPEHHUX MOTPeGHOCTER
MaTeMaTuky. Tak, B KOHIE KOHIOB, COPMHUPOBAJIOCH TOHATHE
JeHCTBUTEJNBLHOrO YMCJa, KOTOPOe B JAHHOH KHWre MpennoJa-
raercsi W3BECTHHIM. )

Ha stom, opHako, pasBuTHe NOHATHS UYWCJA HE OCTAHO-
BUJIOCh. BHYyTpeHHME NOTPeGHOCTH MaTeMaTHKH NpUBENM K
KOMIIJIEKCHBIM uMcJaM. BoO3HUKinas Ha MX OCHOBE Teopus
(YHKIMH KOMIJIEKCHOTO MEPEMEHHOro MMeeT Teneppb 6oJbline
npakThueckue npuMeHeHns. KomnjekcHBIM uucaaM B KHHUTe
OTBeJIeHO MHOro Mecta. JlokasaHa OCHOBHasi TeopeMa aJreGphl
O TOM, YTO MHOTOUJIeH HMeeT XOTS Obl OJUH JAeHCTBUTEJbHBLIH
WJM KOMIUIEKCHBIH KopeHb. BosHukaiomee W3 310l Teopembl
pasJioKeH}e MHOT'OUJIeHa Ha JIMHeHHble MHOXKUTENH TLIATe/bHO
usyueHo. Ilpu 3TOM B KauecTBe BCIIOMOraTeJbHOrO anmapara
B KHHI€ WCIOJIb3Yyercs jesleHue MHOTOUYJIEHOB JAPYr Ha JApyra
u aaroputM EBkauza. '

TMocKoMbKY KOMIIJIEKCHBIE YHCJIA 0KA3aJIHCh OUeHb BaXKHBIMA
W TOJIE3HBIMH B MaTeMaTyKe, BO3HHUKJA YUCTO 0000IIaTeIbCKad
NONBITKA Pa3BHBATh MOHSTHE UYHCJA B TOM XK€ HampaBJeHWH.
Tak BO3HUMK/JIM KBaTEPHHOHH, HO JIUIIL B pe3yJbTaTe OTKas3a
0 KOMMYyTaTHBHOCTH YMHOX€HHUS. DBusarogapsa oOTCyTCTBHIO
KOMMYTAaTHBHOCTH YMHOXKEHHSI OKa3ajoCch HEBO3MOXKHEIM MOCT-
" poMTHL TeOpHio (YHKLHUII KBAaTePHUOHHOro nmepeMeHHoro. Takum
06pa3oM, NpUMeHeHHEe KBATEPHUOHOB B MaTeMaTHKe 0Ka3aJloch
OueHb He3HauuTeJbHbIM. [IpM NOMOLIY KBATEDPHUOHOB XOPOLIO
ONKCHIBAIOTCS BpAalleHUs] TPEXMEPHOr0 U UEeTBIPEXMEepPHOro
€BKJMJOBBIX NPOoCTpaHCTB. KOHEUHO, 3TO MO CBOEMY 3HAYEHHIO
He MOXKeT UATH HYU B KaKoe CpaBHeHHe ¢ 1pMeHeHHeM KOMILJIEKC-
HBIX uucen. B KHuUre jaercsi onmucaHHe KBAaTepHUOHOB U NpH-
MeHEHHe MX K HM3YYeHWIO BpalleHHH TPEXMePHOTO M YeThipeX-
MEPHOrO €BKJUJOBBIX INPOCTPAHCTB. DTOT pas3jes] KHUTH 3aBep-
IaeTcsl JOKa3aTeNbCTBOM TeopeMbl PpobeHuyca, yTBEpKAalO-
piedl, 4TO JajbHefilnee pasBUTHe NOHSATUS YUCJA B HaNpaBleHHH
'KBAaT€PHHOHOB HEeBO3MOKHO.
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[lepexon oOT panuOHANLHEIX WHCEN, K JeACTBUTEILHEIM
YHC/AM BBI3BAH CKOpee BHYTPEHHEH JIOTHKOH PasBHTHS MaTe-
MaTHKH, 9€M NPAKTHYECKHMH MOTPEOHOCTSMH, TaK Kak IIpH
AOMOIIH PalMOHAJNBHBIX YHCeH € JIFOGOA TOYHOCTBIO MOMKHO
OCYyLIeCTBUTD JioGoe u3Mepenue. K JieficTBHTENbHBIM 4YHCJIAM
NPHBEJIO MaTeMaTHUECKOe OTKPHITHE, BO3HHKAIOLIEE U3 TEOPEMb
Tludaropa u cocrosiuee B TOM, YTO AJIMHA AHArOHANH KBaj-
para co CTOpOHOH pAaBHOH eAHHHIE He MOKeT OBbITh U3MepeHa
TOYHO pPalHOHAJbHBIM 4YHCJIOM. [leficTBUTERbHBIE YHCJA Kak
Obl 3aNOJHAIOT MPOMEXYTKH MeXIy PalHCHAJbHBIMH YHCJIaMH
U OPHBOAAT K TOMY, YTO ycJioBHe cxofumocTdH Komu siBasercs
'HE TOJIBKO HEOOGXOJIHUMBIM, HO ¥ JOCTaTOYHBIM YCJIOBHEM
CXOAMMOCTH. DTOT (aKT Ype3BbIYaHHO BaXKEH B MaTeMaTHKe.
JeficTBHUTE/IbHBIE YHCIA OPEACTAB/AAIOT COO0H Ty HEeNpPePHIBHYIO
cpelly, B KOTOPYIO MNOMEIIEHBl palloHaJbHBIE 4HCaIa. 3jech
CTAHOBHTCS COBEPLIEHHO SICHBIM, YTO IJIST YHCeT XapaKTepHO
He TOJMBKO HaJH4He JCHCTBHH CJIOXKEHHS, BbIYHTAHHS, YMHO-
JKEHHS1 ¥ JeJIeHHs, HO TaKXKe H NOHATHE TIpefesIbHOTO mnepe-
XOJ4, T. €. U3BeCTHO, YTO O3HAYAET MOCJMEIOBATENLHOCTh UHCEN
CXOAMNAACH K JAHHOMY YHCAY.

CoOBOKYMHOCTh BeNHYHH, B KOTOpOH HMeloTCa anrefpau-
yecKHe ONepanyH CJIOXKEHHS, BHIYMTAHMSA, YMHOMXEHHS U Jeje-
HHSl, a TaKXe OINpeJeneH NpeJeJbHBIH INepexoj, SBJASETCS
@CTECTBEHHBIM JIOTHYECKH BO3MOXKHBIM OGOCIIEHHEeM MOHSITHS
gpcia. OkaselBaeTcsi, YTO TakKHUX OGOOLIEHHE BOBCE HE OUEHb
MuOro. MIMeHHO HX ONHCaHUIO B OCHOBHOM HOCBSLieHAa 3Ta
KHMTA.

flepexon OT panHMOHaJNBHLIX YHCeN K JeHCTBHTE/NbHBIM
onupaercss Ha npejcTaBjeHHe O TOM, YTé Takoe MaJioe palHo-
HaJabHOe yHcsio. OKas3biBaeTcsi, 4T0, KPOME COBEPLIEHHO eCTecT-
BEHHOTO MOHSITHA MaJOCTH palHOHAJbHOrO YHCJA, CYIECTBYET
ApPYTOe, CBSI3aHHOE C HEKOTOPHIM MpocThiM 4YHcjoM p. Cs-
3aHHOE C 3THM NOHATHEM MAaJOCTH paclIMpPeHHe palHOHAJb-
HBIX YHCeJ NMPUBOJHT K BO3HHKHOBEHMIO p-aJHUYEeCKHX dYHCes,
KOTOpBIE HMEIOT B HacTOsilee BPeMs BaKHOE NpPHMEHeHHe
B TEOPHM YHCeJ H ONHCAHBl B KHHTE.

Bennunnamu, I/ KOTOPBIX BO3MOXKHBI aJjrefpaHyeckue
Ollepalyu, SBASIOTCA TAK HA3blBAaeMble BBIYETHl [0 IIPOCTOMY
MoayJio p. PauuoHa/ipHBIe (QYHKLIHH HEKOTOPOH BeNHUMHHE £,
rae Ko3pdbUIlneHTaMH CJ1yKaT BBYETHl 0 MOAYJIO p, 06pasyioT
CHCTEMY BeJHYHH, B KOTOPOH BO3MOXKHBI ONEpalyH CJOKEHHS,
BEIUMTAHHSI, YMHOXKEHUS U JeseHHs, a TakkKe eCTEeCTBEHHO
BO3HHUKAET MOHsATHE MasocTd. [lomosnHsas 3Ty cucreMy panu-
OHa/BHBIX (GYHKIMEA TaKHM 06pa3oM, YTOGLI BHOBb NOJyYeHHas
cucreMa BeJIUUHH Oblla C TOYKH 3PeHHst fpeJenbHOro mnepe-
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X0ja noMHOH, T. €. 4yTo6H yciaoBre Kowu siBasmocs HeoB-
XOJHMMBIM H JOCTAaTOYHBIM YCJIOBHEM CXOLHMOCTH, MBI IPHXOAUM
K H3yUeHHIO OECKOHEYHBIX DsIOB OTHOCHTEJLHO BEJHUYHHEBI f.
910 emle oAHA CHCTE€Ma BETHYHH, B KOTOPOH BO3MOMKHEI
anreOpavyecKHe omepaniH H NpefesbHblil nepexox. B xownue
KHHTH (opMyJaHpyeTcss TeopeMa KoBajibcKOro, omuchiBaromas
10 HEKOTOPOH CTeneHH Jio0yIo CHCTEMYy BEJHYHH, B KOTOPOH
UMeIOTCS anrebpavyeckHe onepaudH H TNpefesbHBIA Nepexof.

KHura nocBsimeHa ONMCAHMIO TAKHX CHCTEM BEJHYHMH O
anre6panyecKUMH ONEPalHsAMH M TNpPENEJbHBHIM NePEeX0JoM,
KOTOphIe SIBJISIIOTCA JIOTHYECKH BO3MOXKHBIMH OGOGLIEHH SIMH
ghcesn. Hamaras Ha 3Ty cucTeMy BelHUHMH HEKOTODHIE OYEHb
NPOCTHIE M €CTECTBEHHEIC OTPaHHYEHHS, MBI NPHXOLHM K pe-
3yJbTaTy, YTO HUKAKHX JAPYTHX JIOTHYECKHX BO3SMOMKHOCTEH
JUIsT NOCTPOEHHSI TPHEMJIeMbIX B MATeMaTHKE BEJHUYHH, aEa-
JIOTHYHBIX JeACTBUTE/IbHBIM M KOMIVIEKCHBIM YHC/IaM, KPOMe
DeHCTBUTE/IbHBIX N KOMIUIEKCHBIX YHCeJ, He CYIeCTBYer. JTo
MOKAa3bIBAET, YTO HAEHCTBHTENbHBIE H KOMILJIEKCHBIE YHCJA
C/IOXHJIMCh B MaTeMaTHKe He B pe3yJsibTaTe CJay4yafiHOro mpo-
recca MCTOPHUECKOro Pa3BUTHSA, a KAK eJHHCTBEHHBIE JIOTH-
YECKH BO3MOXKHEIE BEJHUHHBI, YNOBJAETBOPSIOLIHE TeM TPeGo-
BaHHUSIM, KOTOPHIE eCTECTBEHHO NPeAbSABHTbH K UHCJAM.

B sakmouenue Bhipaxaio Gsarogapsocts C. M. Aceepy
32 OOJIbIIYIO NOMOINL NPH PEAAaKTHPOBAHUH 5TOM KHHTH.



rjaBa 1

KOMIIJIEKCHBIE YHCJIA

3jech s mpexie BCEro OUeHb KPATKO pPACCKa-
3bIBAI0 O TOM, KaK BO3SHHKJ/IH B MaTeMaTHKE H IIOCTelNeHHO
YTBEpAMWJINCh B HeH KOMIUVIEKCHBIE YHC/iIa. 3areM Jalo ompe-
JieJleHHe KOMIIJIEKCHBIX 4Hces, JeHCTBHH Haj HHMH H HX reo-
MeTpHyecKylo HHTepnperanuio. [lonyTHo RokaswBaioTes dop-
MyJbI KOCHHYCa H CHHYCa CyMMbl, TeCHO CBSI3aHHBIE C YMHO-
JKeHHeM KOMIIJIEKCHBIX YHCEJ.

§ 1. Hcropnueckas cnpaeka

M3 Kypca mMareMaTHKH H3BECTHO, YTO OTPHILA-
TeJIbHBIE YHCJA BBEJEHHI Mpexfe BCEro JJs TOro, 4TolOhl ole-
paunsi BHIYHTAHHA, O06paTHAsA K ONEpamuH CJOMXKeHHs, Ghlsa
BCerja Bo3MoxkHa. [lo aHasornuHOH mMpuuyvHe B MaTeMaTHKe
NOSIBUJTHCh KOMIIJIEKCHBIe gucsa. Eciu paccMaTpuBaTh TOJMBKO
JefiCTBUTE/NbHBIE YHC/A, TO ONepalus H3BJIeYeHHS KBaJpaT-
HOTO KOpHS, o0paTHas K Olepallud BO3BeleHHS B KBajJpar,
He Bceria BO3MOXHA, TAK KaK He/b3sl H3BJeYb KBaJpaTHHIH
KOpeHb M3 OTPHIAaTeJbHOr0 4ucsia. JTOro, OJHAKO, HENOCTa-
TOYHO, 4TOOLI 32BOJHUTh B MaTeMaTHKe HoBble yucsia. Oxkasa-
JIOCh, YTO €CJH NPOU3BOJAMTH BLIYHCNEHHS MO OOBIYHBIM Mpa-
BHJIaM HaJ BbIpaxKeHHSMH, B KOTOPHIX BCTpeuaercss KOpeHE
KBaJpaTHbI# U3 OTPHIATENBHOr0 YHCJAA, TO MOXKHO INPUHTH
K pe3yJbTaTy, yXKe He cojepiKalleMy KOpeHb KBaJpaTHHIH U3
orpuuarenpHoro yuciaa. B XVI Beke Kappaxo Hamen ¢op-
MyJay Ans pelueHHss KyGuueckoro ypasHenus (Ksanr, 1976,
Ne 9, c. 2). Okasasnoch, 4TO WMEHHO B TOM CJyuae, KOrja
KyOHUecKoe ypaBHEHHEe HMeeT TpPH JeHCTBHTeNbHBIX KOpHS,
B (opmyne KapjaaHo BcTpeuaercss KOPeHb KBAJpaTHBIH H3
oTpulaTespHOro uyucaa (ram ke, c.11). O6uapyxwunocsh
TaKHM 06pasoM, YTO NPOHM3BOJS BBIUHC/IECHUS CBbIPAXKEHHUSMH,
COZlepIKalIMMH KOpPEHb KBaJpaTHBEIH H3 OTPHIATEILHOTO YUCIA,
MOXKHO TOJIYYHTL BIOJIHE IIOHATHBIE pe3yJabTaThl. Ilostomy
STH KOPHH CTaJH yrnorpe6asTh B MaTematnke. Haspamu ux
MHHUMBIMH UYHCJAMH, H TeM CaMBIM OHH Kak OBl HpHOOpesH.
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npaBo Ha HeJerajbHoe cymectBoanue. Iloanble rpaxpan-
cKkHe mnpaBa MHHMbIM uucaam Ha rpand XVIII—XIX cro-
aeruit nan aycc (Keaur, 1977, Ne 8, c. 2), koropmil mas-
BaJ HUX KOMILIEKCHBIMH YHCJIaMH, JaJd MM TeOMETPUYECKYIO
MHTEPNpeTalyio U, YTO camoe TIJIaBHOe, J0Ka3aJ OCHOBHYIO
TeopeMy aJreGpel, YTBEPKLAIOULYIO, YTO KaXKIpld MHOTOUJIEH
uMeeT XOTd Obl OJMH JeHCTBUTEJNbHBIA HJIH KOMIJIEKCHBIH
KOpEHb.

§ 2. Onpepenenne KOMIUIEKCHBIX uHcen

Mpi GyneM MCXOIMThH M3 TOTO, YTO AEHCTBHUTE/b-
HBle 4HCJa HAM W3BeCTHBl. Mbl 3HaeM, 4TO /I HHX ompeje-
JIEHB! JIBA OCHOBHBIX JEHCTBHS —CJIOXKEHHE H YMHOXEHHEe —
¥ HMeloTcsl oOpaTtHble K HUM JeHCTBHS —BbIYHTaHUE U JeJle-
Hue. I 3THX JeHCTBUH BBINOJNHSIOTCH XOPOLIO H3BECTHLIE
OpaBuJia, KOTOpble OOLIYHO YNOTPEBJISIOTCS COBEPLIEHHO aBTO-
MaTHYeCKH, U HO3TOMY sl HX He Oyay 3jech GOpMYyJIHPOBaTh.
MuoxecTBo 06BHEKTOB, /i KOTOPHIX ONpEJeNeHbl JeHCTBHS
CJIOXKEHUS M YMHOXeHWsT U oOpaTHble K HHUM JeHCTBHS BbIYH-
TAHUSI M JieNIeHHs, TPHUYEM BBHINOJNHEHb OOLIUHBIE NpAaBuJA,
UMelolllHe MecTO Ji/isl JeFCTBUTEJbHBIX YHCEJ, HasbiBaercs
B COBPEeMEHHOH abCTPaKTHOH asrefpe moJieM.

Takum o6pasoM, ¢ TOYKH 3peHHsS COBPEMEHHOH abGCTpaKT-
HOH anreGpel MHOKeCTBO D Bcex JefICTBHTEIbHBIX YHCEJ
npexcrasaser co6oit mose. [locraBum Tenepr nepex coGoit
3ajayy pacilMpUTh TMOHSITHE YMCJIA, HJH, KakK TOBOPAT
B a6GcTpakTHOH agrebpe, pacuputh nosae D jo noas K2
TakuM o6pasoM, uroGbl B 3TOM HOBOM mojie K2 ypaBHeHue

24+1=0

uMeJIo perienue. dieMeHT noss K2, KOTOpHIH yIOBJIETBOpsieT
5TOMY YypaBHeHHIO, 0603HauuM uepe3 i{. Takum obpasom, aig
i uMeeM

—— (1)

Taxk kak nose K? colepXHT Bce JeHCTBHTEJbHBIE YHCIA M
31€MEHT [ W TaK KaK B HEM BO3MOXHBI JEHCTBHS CJIOXKEHHS
¥ YMHOXeHHs, To B noJje K2 JIO/KHBI COHEPKAThCsi BCEBO3-
MOKHbIE MHOTOUJICHBl OTHOCHTEJIbHO { € JIeACTBHTENbHBIMH
Ko3(pUIHEHTaMH, B YACTHOCTH BCE MHOrOYJIeHbl NepBOil cTe-
NEeHH, T. €. BhIPaXKEHHs BHJA

2=x+yi=x+1iy,
rae x M Yy— ReACTBUTENbHBIE YHCJA. OTH BHIPAXKEHHA M
8



Ha3BIBAIOTCH KOMIVIEKCHEIMH uucaaMmu. JleHicTBUS Haj HUMH
MBI ONpERENHM Kak JeACTBUA HaJ MHOrOWIEHAMH, YYUTHIBAs
npu aroM ycaosue (1). Komniekchble yucna Buja

2=x+0i=1x

SBAAIOTCA JAeHCTBUTEJNBHBIMH YHCJIAMH. KomnnexcHrle uucna
BUAA ’

2=04yi=yi

HaSLIBAIOTCH YUCTO MHUMBIMHU YHCJIAMH.

Ilyers 2, =x;4+y,i, 2,=x,+Yy,i—ABa KOMILIEKCHBIX
gyucaa. CorsacHO BBICKA3aHHOMY MPABHJYy CyMMa U IpOHM3Be-
JleHHe 3TUX KOMIIEKCHBIX YHCeJ ONpPeie/sioTCs paBeHCTBaMH

2,42, = (X, F yad) + (X + 9,0) = (x, + %) + (9 +1.) £, (2)
2,2, = (xl + yli) (xz + yzi) =X1Xy + (xlyZ + y1x2) i +y1y2i2 =
= (XX, —Yith) + (14, + %) & (3)

Ilpy mnoJiyueHHH TNOC/JELHETO PaBeHCTBA MBIl MCNOJb30BaJIH
ycaosue (1).
B coryuae, ecsy 4HCHO 2, = ¥, — IeHCTBUTENBHOE, NOTyYaeM

X142y == X1 Xg + X, Y50 (4)

Hs dopmya (2) u (3) BHAHO, YTO CyMMa H NPOM3BELEHHE
IBYX KOMIIJIEKCHBIX YHCEJl eCTh TaKXkKe KOMIVIEKCHOE YHEJO.

HOas Toro yto6nl y6enuTbest, 4TO JEHCTBHE BBIYHTAHYSA,
obpaTHOe IEeHCTBHIO CJI0XKEHHS, CYLIIECTBYET, JOCTATOUHO HANTH
4HUCJIO0 — 2, NPOTHUBOMNOJIOXKHOE YHUCAY 2, a AJdS TOro 4ToOhi
y6epuThCcsT B TOM, YTO BO3MOXKHO JeJI€HHE, JOCTATOYHO AJIsi
2= 0 ygasatb uucjo z~!, obpartHoe uucay z=x - yi. Yucaa
'9TH, KaK JIeTKO BHJEeTb, 3ajalorcsi (opmynamu

X

— .Y
Tyt R

—2= —x—yi, 27!

Takum obpasoM, BenuuuHa z~*, o6paTHas K 2, CYIECTBYET
Bcerja, kKorga zs=0.

§ 3. I'eomerpuyeckoe u3oGpaxenHue
KOMIJIEKCHbIX 4HCEJ

O6GosHaunM yepe3 P MJIOCKOCTh HAILEro YepTexa
# BoiGepeM Ha Hell NPAMOYTOJIBHYIO CHCTEMY KOOpJAMHAT
(puc. 1). KomnnexcHoe yucno 2=x iy IOMECTHM B TOYKY
z ¢ KoopauHaTamu X, y. OGosHauuM Takxke uepes z BEKTOp,
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unymuii u3 Havasa koopausat O B Touky 2. Takum obpa-
30M, GykBa 2z 0003HAUAET OXHOBPEMEHHO KOMIIJIEKCHOE YHCJIO,
TOYKY 2, M300paxKarollyi0 3T0 KOMIIEKCHOE YHCJO, H BEKTOP
2, COOTBETCTBYIOUMH 3TOMY KOMIJEeKCHOMy uucay. [lpu Ta-
KOM H300pakeHHH NeHCTBUTENbHBIE UHCJA MONAjAT Ha OCh
abcuycc —o3TOMy Ooch afcuucc HasblBaeTcsl JefCTBHTENBHOM
OCBIO IIJIOCKOCTH P KOMIIJIEKCHOTO NepeMeHHOro, a YHCTO MHH-
Mble YHCJIA MOMAJAT HA OChb OPAMHAT — IOTOMY OCb OpJH-

y HAT HAasbIBAeTCH MHHMOH OCBIO

IUVIOCKOCTH P KOMIIEKCHOr'O Te-

¥ z=x+iy  pemenHoro. Hyap nomapaer B Ha-
4aJI0 KOOPAHHAT.

. JnuHa BekTOpa z HasbiBaercs

MOJyJleM KOMIIJIEKCHOTO 4YHcJa
2=x-iy u obo3Havaercs |z|:

0 P |2,=+Vx2~+y2-
Puc. 1 Komnnekcuele  yueha 2,
Y IOBJIETBOP SAIOLIHE YCJIOBHIO

|2|=1, cocrapasiorT OKDPYKHOCTb pamuycad 1 ¢ ueHTpoM
B Hauasie KoopamHaT. Ha 310l OkpyxHOCTH JexkuT uueso 1.
U3 touky 1 OT/IOXKHUM 1O OKPYIKHOCTH AYTY 3aAaHHOH IJIMHEL
@ B HampaBJeHHH NPOTHUB yYacoBoH cTpenku. Kowuen sroit
Ayru oGosHauuM uepe3 (9). Ecau ¢ —orpunatensroe yucrno,
TO IJS TOJYYeHUs (¢) HYXKHO OTJIOKHTH OT TOYKH 1 miuny
nyrd |@| mo wacosod crpenke. Kak wussectno, a6cnucca
TOYKM () HasbiBaeTcs cos@, a ee opiuMHaTa —sing. Takum
06pa3oM, KOMIJIEKCHOE YHCJIO (@) 3amaercs (popmyJol

(p)=cosp4ising. (5)

Hrak, BCAKOe KOMIJIEKCHOE YHCJIO 2, N0 MOAYJIO PaBHOE
1, sanuceiBaercs B Bufe (b). Ecau z—mnpoussonbroe KoMi-
JIEKCHOE YHCJIO, MOAYJb KOTOporo |z|=p oraudeH ot 0, To
YHCJIO 2/p SIBJSETCS KOMIJIEKCHBIM YHCJIOM, IO MOAYJIO PaB-
wpiM 1, u moroMy samuchiBaercs B Buue (5). M3 pagenctma

2jp=cos@p+ising
MBI [OJIyYaeM

z2=p(cos @+ ising). (6)
3amuch (6) HasblBaeTCss TPUTOHOMETPHYECKOH (opMoii Komr-
JieKcHOro uucsa. Uucmo ¢ Ha3blBaeTC apryMeHTOM KOMILIEKC-
HOTO uucna. Eclu MORyJMb P KOMIJIEKCHOTO YMCNA 2 OTJIHYEH
OT HYJISl, TO apTyMeHT OmpejeJieH C TOYHOCThIO M0 cJjarae-
Moro 2km, rie k—uenoe uucao. Ecau ke MonyJib p Komm-
JieKCHOoro uucsaa paseH 0, To dopmyna (6) Takxke uMmeer
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MECTO, OJHAKO B 3TOM CJyyae apryMeHT KOMIIEKCHOTO YHC/a
BOBCE He ONpefielieH.

Uucna p M @ HasHBAIOTCA NOJAAPHBIMH KOOPJIHHATAMH
TOYKH 2.

JaguM TeTepb TeOMeTPUUYECKOe HCTOJNKOBaHHE JNeHACTBHMH
HaJ KOMIUIEKCHBIMH YHCJIAMH.

Us dopmyn (2) u (4) crenyer, 4TO KOMILIEKCHBIE qnc.na
CKJAJBIBAIOTC M YMHOXKAIOTCS Ha JefCTBHTENbHBE uHCaa!
KaK BEKTODHI.

TFeomMeTpHueCKUH CMBICH CJOXKEHHS KOMILIEKCHBIX YHCeJ
OUEBHJEH: BEKTOP Zj -+ 2,—3TO AHaroHalb MapajJesorpamma,
IOCTPOEHHOTO Ha BeKTOpax 2; M 2, OTciofa BBITEKaeT Bax-
HOe HepaBeHCTBO:

l2it+2 |<|z|+]z| 7y

IOnsa Toro uto6Hl JaThb TI'€OMETPHUECKOE HCTOJNKOBAHHE
YMHOXKEHHSI KOMILIEKCHBIX 4HCeJN, HYXHO YNOTpeOGHTH omepa-
LMI0 TIOBOPOTA BEKTOpPa HJHM, 4TO TO Ke CaMoe, KOMILIEeKC-
HOro uucsa. [loBepHyB BEKTOp 2z IPOTUB YacOBOH CTpPesKH Ha
yroa o, MH IOJY4HM HEKOTODHIH HOBBIH BeKTOP, KOTOPBIH
o6osHaunm uYepes R, (2). T'eomerpuvecku scHo, 4TO omepa-
1M noBopota R, HMeeT cijeiyiouiee CBOHCTBO: ecyn a— jeid-
CTBHTE/NbHO® 4HCJO, TO

Ro+p(2) =Ry (Rg (2)),
R, (az)=aR, (2),
Ra (2, +2,) = Ra (21) + Ry (2,).

W3 nocaepuux ABYX GOpMYyJ CJleIyeT, 4TO €CHU a@; M d, —
IBa JeACTBUTENbHHIX UHCJIA, TO MMEET MECTO COOTHOIICHHE

R, (a12i+a,2,) =a, R, (2;) + %Rm (2,). 8)
HenocpencTBeHHO fICHO TakXke, 4TO - - o
R, (1)=cosa -+ isine: (9)

IlokaxeM Tenmepp, 4TO MNOBOPOT KOMILIEKCHOTO YHeJa
2=x-+yi HA yTOJN ¢ PABHOCHJIEH YMHOXEHHIO €r0 Ha KOMI-
JIeKCHOE 4HCJIO coSo +isina, T.e. 4TO

R, (2)=(cos o +isina) 2. (10)

Jlna 3Toro paccMOTpHM CHayaJsa MOBOPOT HA yroa d=m/2.
B srom cayuae cosd--isind=1i, u paBencrso (10) npunu-
maer Buj R, (2)=1iz. C oOHOH CTOpOHHI, reoMeTPHYECKH oue-,
BUAHO, 4T0 R4 (1) =i, R, (i)=—1. C apyroi cTopoHsl, - =i, |
i-i=—1. Takum o6pasoM,

Ry()=i-1, Ry()=i-i..
1



W3 dopmybl (8) HemocpeACTBEHHO BbITEKaeT:
=xRs (1) +yRy () =Ry (x-1+y-i) =Ry (x +iy) = R4 (2).

Takum o6pasom, gopmysna (10) goxasana mis o = m/2.
[TycTe Temepp oo— Npou3BOJIbHOE NeHCTBHTEJIbHOE YHUC/IO.
IIpu 2 =cosa -+ isina nomyuaem

2-i=iz= R, (2)=R,(cosa+isina)=
= oS (a —{—g-)—{—isin (oz—l—g-)
=Ra(cos g-+isin —;3)=R“ @). (1bh

I

Takum o6pasom, dopmyna (10) moxasama npu z=i.
[Mepeiinem Temepb K JokasaTeabcTBy Gopmyabl (10) nas
MPOH3BOJNBHOIO KOMILJIEKCHOTO YHCJa

2=x+tiy.
U3 cdopmyn (8), (9), (11) umeem
Ro (2) = Ry (¥ +iy) = xRy (1) +-yRy (i) =
=x(cosa+isina)+y(cosa+isina)i=
= (cosa +isina) (x + yi) = (coso +i sina) 2.
Takum o6pasom, popmynaa (10) monHOCTBIO AOKAa3aHA.
IMpumenss ¢opmyny (10) Kk xommiaekcHoMy YHCAY 2=
= cosP 4 isinfP, nonyuaem
(cosa 4 isina) (cos B+ isinf)= R, (cosP +isinpf)=
=R, (RB (l)) = Roc+B (I)=cos (@ +-P) 4 Sin(O&J;—ﬁ).
‘TakuMm obpasoM,
(cosa -+ isina)(cos P+ isinB) = cos (ot +B) i sin (a + B).
I1pousBofs mepemHOMKEHHE KOMIIEKCHBIX UHCEN, CTOSAIHX
B JIEBOH uacTH, 1o gopmyJse (3) moay4um
(cosa+-isina) (cosfP+isinf) =
= (cosa cos B—sina sinP) 4 (sine cos f +cos a sinP) £.

3uaunt, Mbl TosMyYuaM (GOPMYJBl IJIs KOCHHYCa H CHHYca
CYMMBIL:

cos (o 4+ P) = cos o cos p—sina sin,

sin (o + P) = sin & cos f +cos & sin .
12



Jlna TNpOM3BOJBLHEIX KOMIJIEKCHBIX YHCEN, KOTOphle Mbl
sanuiueM B BHJe 7 (cosa +isina), s(cosP - isinf), nomryuaem
r(cosa+isina)-s(cosP+isinf)=

=rs[cos(a+B)+isin(x+P)]. (12)
Takum o6pasoMm, npH NepeMHOXKEHHH JBYX KOMILIEKCHEIX
YHCeNl MX MOAYJHM TEPEMHOMKAIOTCH, a APTYMEHTHl CKJajbi-
BalOTCA.

Dopmyay (12) oueBuaubM 06-
pasoM MOXHO  PacnpocTPaHUTh
Ha MpPOH3BOJBHOE YHCJIO COMHO-
x)urtenei. Eciau Bce a™M comHoO-
JKUTEJH paBHBl Mex1y Cco0of u
PaBHbl  KOMIIEKCHOMY  YHCJY
r(cosa+isina), TO MBI mNOJY-
qaeM

[r (cosa+isina)]” =
=r"(cos no +isinna).

dra ¢opMyaa oOueHb HHTE- Puc. 2
pecia. OHa J1aeT BO3MOXKHOCTb
H3BJe4b KOPeHb f-H CTeNeHH H3 NPOU3BOJBLHOTO KOMILJIEKC-
HOro umcsaa p(cos@-ising). HwmeHHo, okassiBaercs, uTo
YHCI0 KOPHeH n-H cTeneHH H3 uHcaa P (cos Q- ising)s£=0
paBHO 7, TpHYeM KODHHM 3TH PACNOJOXKEHbl Ha OKPYKHOCTH
pamuyca 3/p C UEHTPOM B Hauajle KOOPAHHAT H COCTABJSIOT
BEPUIHHBI NPAaBHUJALHOIO A-YrOJNbHHUKA. DTO YTBEPKIEHHE
NpPejOCTaBAl A J0Ka3aTe/qbCTBA YUTATeJIsIM.

B yacTHOCTH, KOpeHb n-#i CTeNeHH M3 EeNMHHILI HMeeT 1
3HAUEHHUH, KOTOpble ABJSIOTCA BEePLIMHAMH NPaBUJILHOIO M-
YTrOJIbHHKA, BIIHCAHHOIO B €JIMHHMUHBIA Kpyr, NpHueM OfHa
W3 ero BepIIMH eCTb eidHuua (puc. 2). B Buze ¢opmy.nl
9TH KODHHM 3aNHCHIBAIOTCS CJEAYIOUUM 00pa3oMm:

VT=cos 2% 4 isin 2% p—0,1,2,...,n—1.

(=N

£0 Mﬂswz'




T'JIABA 2

OCHOBHASI TEOPEMA AJITEBPbI

3pech OyleT NOKa3aHa OCHOBHAsA TeopeMa aij-
re6psl, yTBepKAaOMas, 4TO BCAKMH MHOTOWIEH C KOMILIEKC-
HBIMH KO3(D(HIIMeHTAMH HMeeT N0 KpaHHeH Mepe OAUH KOMIl-
JeKcHbii kopeHb. [lpum sTOM JeHcTBHTENbHBIE YHC/IA CYH-
TAIOTCS YAaCTHBIM CJyYaeM KOMILIEKCHBIX 4Hces. DTa Teopema
BrepBbie Obla fokazana ['ayccom B 1799 roay Ans 4acTHOro
cnyyas MHOTOWIEHOB C JeHCTBHTE/NBHBIMH KO3(puuMeHTaMu.
Taycc mnokasan, 4YTo BCAKHA TakoH MHOIOYJIEH HMeeT II0
KpaliHell Mepe OJMH AEHCTBUTENbHBIH WM KOMIUVIEKCHBIH KO-
peb. C TOUKM 3peHUs COBpeMEeHHOH abCTPakTHOH anre6phl
TeopeMa 3Ta MOKAa3blBaeT, YTO MNOJie KOMIJIEKCHBIX YHCeJ aJ-
re6pavuecKid 3aMKHYTO: 3TO SHAYMT, YTO, paccMaTpuBas
KOpHH anreOpanyecKHX YpaBHeHHH (T. €. KOPHHM MHOrod4se-
HOB) B 3TOM IOJI§, Mbl HE MOXeM MOJYYHTb HOBBIX YHCEJ.
B atom cMmbicsie mo/se KOMIJIEKCHBIX 4YHCes PajUKalbHO
OTJIMYAETCH OT MoJs JeHCTBUTENbHBIX YHCEJ, KOTOpOE HE fB-
Jsiercss aarebpauyeckKH 3aMKHyThiM. [Ipy 3TOM CTOHMT 3ame-
THTb, YTO IOJIe KOMIIJIGKCHBIX YHCeJ IOJYYeHO H3 [0/
JIeACTBUTENbHBIX YHCEJ IIPHCOeJMHEHHEM JIULIb OJHOrO KOpHS
ypaBHeHHUs

23+1=0.

JloKa3aTesIbCTBO OCHOBHOH TeOpeMbl anreGphl ONMUPAeTCs
He Ha cooOpaxeHHs abCTpakTHOH anre6pel, a HAa KOHKpeT-
HOe paccCMOTpeHHe MoJi KOMIUIEKCHBIX uHces. Crtporoe ee
J0Ka3aTe/IbCTBO JOJIKHO ONHPAThC HA TOYHOE OIpeJesieHue
JefiCTBUTEJIBHOTO YMC/JAA U HA TOYHOE OMNpelesieHHe Hernpe-
priBHOCTH (YHKIUHA. §I 37ech NMpPUBOXKY He CTPOroe, HO TIeo-
MeTpuyecku ybenuTenbHOE J0Ka3aTeJbCTBO, OCHOBAHHOE Ha
PacCMOTPEHHH NyTeH B IJIOCKOCTH KOMIIJIEKCHOIO IepeMeH-
HOro U uX JebpopMmanuid. JlokasaTesbcTBO 3TO HE TOJBKO
JlOKa3bIBaeT TeOpeMy, HO 10 HEKOTOpOH cTemeHH OOBACHSAET,
noueMy OHa BepHa.

Kak cJjencTBHe OCHOBHOH TeopeMbl anreGpbl Mbl TOKaXKeEM,
KaK MHOIo4JieH C KOMIJIEKCHBIMHU (B 4aCTHOCTH, NeHCTBUTE/b-
HBIMH) KO3Gh(HUUYEHTAMH pacKJIAALIBAETCS HA MHOXKHTE/H.
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§ 4. Ty B MIOCKOCTH KOMILIEKCHOTO
nepeMeHHOro

Ecsu Touka 2z B miockoctH P KOMIJIEKCHOTO
NepeMeHHOro nepeMelaercsi BO BpeMeHH, KOTja BpeMs f
MeHfeTCsA B npenenax ¢,< f{<({?,, TO MBI CUHTaeM, 4YTO B
‘miacckoctd P sanan myts (puc. 3). Takum o6pdsom, nyTh

YA

<~
I

%,

\ 0 &
i=1, o b=ly=1;

Puc. 3. Mpumepn nyTteit

ecTb QyHKUMA 2 (f) AeHCTBHTENLHOIO MNEPEMEHHOro f, mpu-
HHMawIas KOMIIJIEKCHble 3HaueHHs, 3ajJaHHass Ha OTpeske
LSttt

2(l), t<E<t

@opmyna sra sajaer nyTh. Peub 3jech HueT 0 JBHXKe-
HUH TOYKH, OCYLIECTBJIIEMOM €CTECTBEHHO, Ge3 cKaukoB. Tak
uyTo GYHKUHA 2 (f) aBafeTcs HenpepblBHOH GyHKuMeH. Mul
He YTOYHSieM 3Jiecb TMOHSITHE HeNpepHIBHOCTH, CUHTafd, YTO
OHO MHTYHTHMBHO $ICHO, Kak JBuxeHHe touku. Creayer ot-
YeTVIHBO TOHHMMATb, YTO NYyTh €CTh MPOLECC ABHMKEHHS, a He
Ta JIMHHSA, KOTOPYIO ONHCBHIBAaeT JABHXKYymascs Touka. Onuy
U Ty e JIHHHIO MOXKHO ONHCaTh PasHBIMH CIOCOGaMH.

B npouecce aBuxkeHHs TO4Ka 2(f) B pasHble MOMEHTHI
BpPEMEHH MOXeT MNONajarh B ONHY M Ty 3Ke TOYKY IIOCKO-
CTH, TAK YTO He HCKJIOYaeTcsl PaBEeHCTBO

z(t)=2(t;) mpu t,5=t,.

Takum o6pasoMm, myTs MoOxeT HMeTb caMomnepeceuenus. On
MOXKET JaxKe COCTOSITh M3 OJHOH TOYKH, MMEHHO B cjydae,
Korja Toyka z(f) BOBce He mepeMellaeTcsl NMPH U3MEHEHHUH f.
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B panbhefieM, ecnu 370 He GyHET OTOBOPEHO CIHELHAJIBHO,
MBI Bcerja OyfeMm npeinoJaratb, YTO NYTb He [POXORHUT ue-
pe3 HavaJi0 KOOpJAHHAT, T.e. UTO BeJuuMHa 2 (f) HU NOpH Ka-
KOM 3HaueHuH f{ He obpamjaercsi B HyJb. Touka z(f,) =2z,
Ha3blBAaeTCA HAYaJIOM MyTH, a TOYKA 2 (f,) =2, —€ro KOHIOM.
Ecnu uMeer MecTo paBeHCTBO Z,=2;, TO INyTb Ha3blBaeTcs
3aMKHYTHIM (pHucC. 4).

Tak kak xoMmmJeKcHoe 4ucso z (¢) He obpamaercs B HYJIb,
AJIsl BCAKOTO 3HauyeHus [ onpefesieH aprymeHt ¢ (f) xKowmm-
JIEKCHOTO 4HcJa Z(f), HO OH OnpefesieH JIHIIb C TOYHOCTHIO

D
0.

Puc. 4. 3amkuyTble nyTH

0 cjaraemoro 2km. dra HEOAHO3HAYHOCTb AJIS HAC Hexena-
tejpHa. Jlys Toro 4utoGbl OCBOGOAMTBCS OT Hee, BhHIOepeM
IJIS HaualbHOH TOUKH 2, BIIOJIHE OMpeJeseHHBIH apryMeHT
(Po"'_‘q)(to)‘

3atem no Mepe BospacTaHus ¢ GyjgeM BbBIOHUpaTh apry-
MeHT @ (f) ToukH 2 (f) Tak, 4TOOBI NpPH MaJblX H3MEHEHHAX
t OH MeHsAJica MaJjio. DTHM HEOJHO3HAYHOCTh BhIGOpa apry-
meHta Gyner ycrpaneHa. [lo6GaBjieHHe K apryMeHTy 4ucja
2kn upu k=0 npuBeno Obl cpady K Pe3KOMY H3MEHEHHIO
BesquuuHbl @ (f). BHGpaB HayajibHOe 3HAUYeHHe apryMeHTa
@ (t)=@, U creas 3a TeM, 4TOOBl aprymeHT ¢ ({) TOUKH Z (f)
MeHsIJICA BMecTe C ! HeNpPephlBHO, Mbl NOJy4aeM BIIOJIHE Ofl-
peiesieHHY0 (PYyHKIHIO @ (f), MEHSIOMLYIOCS HENpephiBHO, T. €.
6e3 ckaukoB. Eciu BhiGpaTh HadalbHOE 3HAYEHHE apryMeHTa
¢, UHauYe, U3MEHHMB ero Ha 2k®, To OH GyJeT OTIMYATHCA
OT paHee BBHIOPAHHOTO POBHO HAa 2km Ha BCeM MPOTANKEHHH
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usvenenust f. Orciofa crenyer, YTO OPH TaKOM crocobe mo-
cTpoenus GyHKOUH @ (f) BenHuHHA

¢ (t) —o (%) (1)

HE 3aBHCHT OT C/y4YaHO BEIOPAHHOI'O HaYaJbHOTO 3HAYCHHUS
apryMeHTa 4ucna z,.

Ecnu nyTe saMkHyT, TO TOYKM 2, W 2, COBIAJAlOT H,
CJIefIOBATE/IbHO, HX apryMeHThl ¢ (f,) U ¢(f{,) MOryT OTJIH-
yathcs ML Ha 2km. [lostomy umcao (1) B ciyvyae 3amk-
HyTOro NyTH ectb 2ksm. Llesoe uncio £ HaspiBaeTcs HHIEK-
COM 3aMKHYTOTO NYTH B IIOCKOCTH KOMILIEKCHOI'O TEepeMeH-
Horo z. Crieftyer elue pas nojAYepKHYTh, YTO HHAEKC 3aMKHYTOrO

y y

Puc. 5. Ilytu ¢ ungekcamu 0, 1, 2

NyTH MOXHO ONpeJeNUTh JMHUIIb B TOM CJydae, KOI'Za OYTh
He NpPOXOAMT Yepe3 HadyajJo KOOPAHHAT.

Hupekc k uMeeT nNpocTod reoMeTpHYecKUH cmbica. Kwmen-
HO, OH YKasblBaeT, CKOJBKO pa3 TOYKa Z (%), OMUCHIBAS 3aMK-
HyTbIi NyTh, OGXOAUT Hauyalo KOOpAMHAT (puc. B).

Paccmorpum npocroii npumep. IlyTs

14+ r(cost+isint), 0<Ci<2n (2)

siBJIsieTcs 3aMKHYThIM. OH OMHCHIBa€T OKPYKHOCTb C HEHTPOM
B TOuKe [ M pajguycoM 7 M NPOXOJUT OKPYXKHOCTb B TeueHue
BpeMeHN ! pPaBHOMEPHO NPOTHB YacoBoO# cTpesku. Ecau uncio
r <1, TO OKpPYyXHOCTb He CONEpKUT BHYTPU cebsi Hauasa
KoOpAuHAT M HHAeKc nytH paseH 0. Ecam r > 1, To okpyx-
HOCTb CONEPXKHUT BHYTPH ce0si Hauaslo KOOPAMHAT H HHJEKC
nyTH paBeH | (mpoBepbTe 3TO caMOCTOATeNbHO). B ciyuae
r=1 nyTh NPOXOJUT Yepe3 HAYa/JO KOOPAHHAT M €ro HHIEKC
He onpeneneH. Eciu uucao r MmeHsiercs, To nyTh (2), Kak
roBopsit, aepopmupyercs (puc. 6). Mbl BUMM Ha 3TOM mpuU-
Mepe, 4YTO BO BpeMs JedopMaluH 3aMKHYTOT'O IYTH €ro HHAEKC
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He MEHfeTCs, eCJM TOJbKO NyTh B KAKOH-TO MOMEHT Aedop-
MalMd He NPOXOLHUT Yepe3 Hayasjo KOOpIUHAT.

[FoBopsi, 4TO NyThb ONHCHIBAETCS [BHXKEHHEM TOUKHM BO
BpEMEHH, MBI JIHIIb XOTeJH Npuiath €ojee HHTYHTHBHBLHA
XapakTep OnpeJieNieHHIO MyTH. B JeficTBHTeNBHOCTH XKe peub
UJIET O 3aBHCHMOCTH KOMILIEKCHOIO NEPeMEHHOI0 # OT HeKO-
TOpOro JeHCTBHTENBHOrO napamerpa f (KOTOpPBIH MOMKHO 060-
3HayuTh W Apyro# 6ykeo#). Tak, Hampumep, nyThb (2) MOKHO
3anucath B BHIE

J . .
1+ r(cosa+isina), 3)
0 a < 2n,
Tle NapaMeTpoOM YKe SIBJISeTCs
He t,a a. fcno, uto nyte (3)
i onuceiBaetcst  Toukod 14z,

KOr'Jia TOYKa Z ONHCHIBAeT NMyTh
r(cosa-+tisina), 0<<a<<2m.

3zech r ecTb YHCJIOBOH mMmapa-
MeTp, OT KOTOPOTO 3aBHCHUT CaM
Puc. 6. ﬂe(bopMatu{ nyTH nyThb. FOBOPHT, 41O HpI/I H3MeHe-
I-fr (coso-}-isine) mpu usme- HHUW r NyThb (3) Hedo pMupyetes.
HeHUH 7 Beenem noHsaTHe nedopma-

uug nyrtu. byznem cunratse, uro

nyte JAedpopMHpYyeTcsl, ecNM OH NOCTENeHHO MeHseTcs Ge3
CKAaykKOB B 3aBHCHMOCTH OT HEKOTOPOr'o napamerpa, KOTOpHIii
o nytd (3) o6o3HaueH uepe3 r, a BOOGIIE MOXKeET OBITb
o6o3HaueH W JApyrod OGykBoH, mampumep, s (puc. 7). Tarum
o6pasoM, nehOpMUDPYIOUHACT NYyTh 3amuchkiBaeTcss (HOPMyJoi

z(av S), aogmgml’ SO<S<81' (4)

3recb npu KaxaoM (HKCHDOBAHHOM 3HAYeHHH NapameTpa s
HMeeM ONpeJesleHHbldl MyTb, OMHCHIBAEMBIA BO BpeMs H3MeHe-
HHSL 0. OT G, AO Oy, a NPH HM3MEHEHHH S CaM NyTb MeHseTcs,
nedopmupysch. fcHo, uto ecau nyThb (4) 3aMKHYT, T.e.
ec/i OpH JM000M 3HAYEHHH S HMEeT MeCTO PaBeHCTBO

4 (O‘O’ S) =2 (O('l’ S),

TO B TeueHue JedopMalUH HHIEKC NMYTH JOJXKEH MEHSThCS
6e3 CcKaukOB. A Tak KakK OH €CTb LEN0€ YMUCJO, TO HHIEKC
3TOT OCTaercsl MNOCTOSIHHBIM. KOHEYHO, 3TO BEPHO TOJBLKO
B TOM cJiydyae, KOrIa JJs HpOM3BOJBHOTO 3HAYeHHs S NyTh (4)
He NPOXOAMT Yepe3 Hayaso KoopauHat. B nporuBHOM cayuae
JJIST 3TOrO 3HAYEHHS S HMHJAEKC NYyTH He onpeleneH. TaKum
00pa3oM, MBI MOXKEeM BBICKA3aThb CJEIYIOIEe YTBePKIEHUE:
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ecal BaMKHYmoell nymoe HenpepelsHo Oegopmupyemcs, He
npoxods 6 npouecce degopmayuu Heped HALAN0 KOOPOUHAIH,
mo uHOeKc ec0 He MeHsemcs.

JaguM ellie OJUH MpUMEpP 3aMKHYTOTO MYTH:

rt(cosna+isinna), 0<<a<{2xn. (5)

$IcHO, 4TO NyTb 3TOT OMHCLIBaeTCs TOY-
KOH 2", KOrjla ToykKa Z OIHChIBAET 3aMKHY-
THIH OYTh

r(cosa+tisina), O0<La<2m.
¥

Puc. 7. Hedop- Puc. 8
Maiusg MyTH

Bunno, uro korga o MeHsercs oT O 10 2m, apryMeHT TOY-
ku 2" MeHsercs ot 0 no 2nm. Takum o6pasom, uuaekc uytH (5)

paBeH n (cM. puc. 8, IJle CXeMaTHUeCKH MOKasaH ciaydaih
n=3).

§ 5. KomniekcHble (YHKUMH KOMILIEKCHOIO
nepeMeHHOro

Ecau uncnoBoe 3HaueHHe KOMIIJIEKCHOH mepe-
MEHHOH BeJIMUYHMHBI @ MOXKHO HAHTH, 3HAs YHC/IOBOE 3HAadYe-
HHe APYrofi KOMIJVIEKCHOH NePeMeHHOH BeJHYHHBI 2, TO Mepe-
MeHHasi BeJIHYMHA ©@ Ha3blBaeTcA QYHKIUel nepeMeHHOH BeJH-
YHHBl 2, YTO 3amuchiBaercsd B Qopme

w=f(z).

Ecnmu kommnekcHas ¢yHKUHSA f(2) KOMIJIEKCHOTO MNEpeMeH-
HOTO 2 HMeeT NpPOM3BOAHYIO, TO OHA HA3BIBACTCH AHAJIHTH-
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geckoli pynruuesi. Teopus ananuTuueckux GyHKuu# AsaserTcs
Tenepp OXHHM M3 BaXKHEHIUMX pasfesioB MaTeMaTHKH. 3Jech
Hac OyayT MHHTEpecOoBaTh JMIUb AaHAJUTHYECKHe (YHKUUH
OYeHb YAaCTHOTO BHJAA, UMEHHO MHOTOYJIEHHI.

PaccMoTpuM MHOrouJieH

w=f()=2"+a;z2"*+... +a,_iz-}a, (6)
rie ai, i ..., @, CyTb KOMILJEKCHbE KOI(pPUIHEHTH, a n —
HEOTPHIIATEeNbHOE LieJIoe YHCJ/I0, KOTOPOe Ha3blBAETCS CTENEHbIO

YA

Puc. 9

mHorousiena. llenbio Haiuero uccienosanus GyaeT JoKasaTesb-
CTBO TOTO, YTO MHOrouYjieH (6) MOJOXKUTEJNbHON CTENeHH HMeeT
KOpeHb, T. €. YTO ypaBHEHHE

f2)=0,

rae f(z)—wuorouner (6) u n >0, umeer pemenue. na
JI0Ka3aTeJIbCTBA 3TOrO PACCMOTPUM 3aMKHYTHIH MYTh
flr(cosa+isina)], 0<<a<2n, (7)

KOTODBbIl ONMHCHIBAeT TOYKa f(2), KOTAAa TOYKA Z OMMCHIBAET
3aMKHYTHIH IIyTh

r{cosa+isina), 0<<a<C2m.

Cnyuafi, xorpa cBoGopHbifl uneH a, MHorouneHa f(2) pa-
BeH 0, He TpebyeT paccCMOTpeHHs, TaK KaK B STOM CJyuae
MHOrouJieH f(z) uMeeT OuYeBHIHBIH KOpeHb Z= 0. [ToaToMy MbI
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GymeM cyutath, 4to a,%0. 3amxHyTefi nyte (7) 3aBucuT
OT mapaMeTpa r W 0OpPH M3MeHeHuH mnapaMerpa r nedopmu-
pyerca. Ilpu r=0 uucao z paBHo 0 u nmyTb f(2) cocrout
H3 HEMOABHXKHOH TOUYKH a,. TakuM 06pasoM, ero MHAEKC MpH
r=0 paBed 0. Mbl goKaxem, 4TO €c/H B3SITb 7 JOCTATOYHO
GosbnMm, To uupekc mytd (7) pasen n. Ho no mpeamosoxe-
HUIO n=z=0, N03TOMy MNpPH H3MEHEHHH YHCJA r OT OOJIBLIOro
3HaueHuss K HyJ/o nyte (7), Iedopmupysice, mpoHger mpu
KaKOM-TO 3HAYeHUH r Yepe3 HayaJo KOOPAUHAT, a 3TO U 3Ha-
4yT, YTO NpPH HEKOTOpOM 3HaueHun 2z dyHkuus f(2) obpa-
THTCH B HYJb, T. €. KOPeHb y 5TOr0 MHOIOYJIeHa CYIIECT-
Byer (puc. 9).

Jns mokasaresbcTBAa TOrO0, 4TO OpPU HOCTATOYHO OGOJb-
IIOM 7 3aMKHYTbI# nyThb (7) MMeeT MHAEKC, PABHBIA 7, MpPo-
zepopmupyeM 3TOT nyTh B GoJiee MPOCTOH, HHAEKC KOTOPOro
JIETKO COCYHUTATh.

[Ipexnge Bcero Mbl pasoObeM MHOrOYJeH f(2) Ha cymmy
IBYX MHOTOYJIEHOB!

[(2)=2"+g(2),
rae g (2) samaerca ¢opmyJsol
g =a 2"t ta2" i+ ta, 2 ta,

Taxk kak ko3pduuKenTH a4, 44, ..., A, MHOTOUJIEHA g (2) CYTh
BIIOJIHE OMNpefiesieHHble 4HcJa, TO BCEe OHU He NPEBOCXOAAT
Mo MOJAYJIO HEKOTOpylo KoHcrauty c¢. M3 pokasansoro B § 3
HepaBeHcTBa (7), PacmpOCTPAHEHHOTO HA MPOU3BOJIBHOE YHCIIO
cjaraeMelx, cjeayer, 4to npu |z|> 1

lg@) | < ne|z"]. 8

Paccmorpum MHorounen f(z, s), saBHCAIIMH OT mapamer-
pa s, 0<Cs<Cl, samaBaembiil caenyiwowmei GopmyJioi:

f(z, 5)=2"+sg(2).

Mgur nmeem PaBEHCTBO

2" =[(z, 8)—sg (2),
OTKYJAa
[ |<IF @ 9)|+|—sg@I<|f(z 9)|+nelzn*|s<<

<11z, s)|+nc|a"-1|
(cm. (8)). Orcioma crepyer

\[(z, s)|=|2"|—ne|e"].
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OGo3nauum |z| uepes r, TOrja MocjefiHee HEPABEHCTBO
fIpUHHMaeT BHJ,

| f(z, 8)| = r*—ncr*~t=r"~1(r—cn).

Takum o6pasoM, mpu r > cn npapasi 4acTb NpPEABIAYINETO
HepaBeHCTBA IoJ0xKUTeNbHA. CileoBaTebHO, MOIYJb (yHK-
mwd f(z, S) He obpaiaercs B HyJIb HU IPU KAKOM 3HAUEHHH S,
€CJI TOJBKO r > Cfl.

O6paruM BHHMaHue Tenepb Ha TOT (akT, 4yTo mMpH $=0
MHOrOusIeH f(z, S) TpeBpallaeTcss B H3BECTHBIH HAM MHOTO-
ujeH 2. A HMHIEKC NyTH 2", KOTJa Z ONUCHIBAET OKPYKHOCTh
r (cosa-+isina), Hamu yxke cocuutad (cM. (5)). Ou pageH n.
IIpu s=1 wmHorounen f(z, s) mpeBpamlaeTcsi B MHOTOUJEH
f(2), u onpemensiemMblii uM nyTh (7) UMeeT HHIEKC, TOXKe PaB-
el n. Mtak, Mbl jokasasnu, urto uupekc nytu (7), ompene-
JNgeMbIi MHOrouseHoM f(2), npu r >>cn paBeH n. Tarkum
o0pasoM, ecjH CyuTaTh, YTO Npu MeHsomemca r oT 0 1o
cn+¢g, roe € >0, nyts (7) medbopmupyercs, NpHYeM IpU
r=0 3TOT myTh mnpeBpamaercsd B OAHY TOUYKY H €ro WHJEKC
paBen 0, a npu r==cn-+¢& ero HHIexc paseH n. K3 storo
BHAHO, YTO B Mpolecce U3MeHeHHs r nyTb (7) NpH HEKOTO-
pOM 3HAUEHHH r TPOXONMT Uepe3 Hayalo KOODAUHAT, H Cle-
JIOBATEbHO, MHOTOUJMEH f(2) NPH HEKOTOPOM 3HAUEHHH Z,
|z|<<cn e, o6pamaercs B HYJIb.

Hrak, ocHoBHast TeopeMa asre6psl J0KasaHa.



TJIABA 3
AJITOPHTM EBKJIMJA

§ 6. lenenye MHOTOY/IEHOB

le/l JEJEHUH LEJOro MnoJIOKHUTEJBHOI'0 YHcJa a
Ha LeJsoe MNOJOXKHTEJNbHOE HHCIIO b MMPUXOAUM K PaBEHCTBY

a=>bh+k, §))

rie h u k—nensle HeoTpuuaTeJbHble yHeaa M k < b. Hucno A
Ha3bIBAETCsl YACTHBIM, a k—oOCTaTKOM MNPH JeJNEHWH YHCIA @
Ha yucso b.

Croco6 gieseHHA LeJbIX YHceJ XOPOLIO M3BECTEeH M3 apug-
meTHkH. Ho Tak ke, Kak mesble YHCIa, MOXKHO A€MHUThH APYT
Ha Jpyra M MHOrouJeHsl. Byjem ucxogutb U3 AByX MHOro-
4JIeHOB

a(z)=a2P 40,27~ ... +ay,
b(2)=1be29+b277 + ... 4 b,

Ilpepnonoxum 3jech, 49TOo Yucia 4@, U b, He paBHH HYJIO,
TaK YTO MHOTOWIEH & (2) UMeeT CTemeHb p, a MHOTOUJIEH b ()
uMeeT cTeneHb ¢. B pesysbrare jgeneHHss MHOrouseHa a(2)
Ha MHoOrouseH b(z) Mbl NpHAEM K CIEAYIOLUEMY paBeHCTBY,
anajoruyHomy paseHctBy (1):

a(2)=0b(2)h(2) +k(2), @)

rIe CTeMeHb MHOrousieHa k(2) MeHbine ¢. MuorouseHsl h (z2)
U k(z) Ha3LIBAIOTCA COOTBETCTBEHHO YACTHBIM H OCTATKOM MpH
JleIeHHH MHOTOYJIeHA a (2) Ha MHOrouJies b (2).

Ecnu k£(2) =0, TO roBOpAT, 4TO MHOTOWIEH @ () JeNHTCs
Ha Muorounen b(2), a h(z) ABAsieTCS YACTHBIM OT UX JAEJEHHSI.

Pagencreo (1) mokasaHo B apudmerHke, a paBeHCTBO (2)
JONAKHO J0KasblBaThcs B anrebpe. Ho penenme mHoOrousneHos
He BXOJUT B HblHE [AEHCTBYIOMIYIO IUKOJbHYIO NPOTrpamMy.
Yro6el noKasaTh (2), Mbl JOJ/KHBI NMOCTPOHTH TAKHE MHOTLO-
ujieHsl h(2) U k(2), KOTOpHIE YIOBJETBOPSIOT 3TOMY paBeH-
ctBy. Ilpoliecc 3Toro noctpoeHHs MPENCTaBJ/ISET COOOI0 OUYEHb
Ba)KHBIH anroput™, Tak HasbiBaeMbll ascopumm Eexaula.
Onuem ero.
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. Ecmn p<gq, 10 h(2)=0, k(2)=a(z) u paBescTBo (2)

BHINIOJIHEHO. : o
Tenepn Mbl Gysem CTpoUTh MHOrOUNIEHH A (2) U k (2) B npen-

NOJIOXKeHnH, uto p > ¢. CHauasja nocTpouM PaBEHCTBO

a(2)=b(2)hy (2) +a; (), @)

B KOTOPOM CTelieHb MHOTOUYJIEeHA @, (2) meHbiue p. las sroro
NI0JIOKHM

hy(2) = ;—‘: zpr =i,

Torpa pasnocts
a(2)—b(2)h (2) =0 (2)

FMeeT CTeNeHb MeHbIle, YeM p, TaK Kak B 3TOM MHOIOUYJIEHE
KoahduuHeHT NpH 2P paBeH HYJIO, a OCTaJbHbE CTENEHH 2z,
BXOJfALIME B 3TOT MHOTOUYJEH, OYEBHAHO, MeHbie p. Takum
o6pa3om, paBeHCTBO (3) MOCTPOEHO.

Ecnu mHuorounen @, (z) umeer cTeneHb MEHbIIYIO, YeM ¢,
TO paBeHCTBO (3) yxke ABigeTcd paBeHCTBOM (2). B mporuso-
TIOJIOXKHOM CJIy4ae K MHOTOUIEHY a,(z) NpUMEHHM Ty XKe
NpoLeaypy, KOTOpas MPHUMEHAJach K MHOTOYJeHy a(2) npu
nocrpoendu paBeHcrsa (3). Torza nosyuum Ajs Hero paBeH-
CTBO

a,(2) =b(2) h,(2) +a, (2),

DpHYeM CTelleHb MHOTOUJIEHA 4, (2) yKe MeHblle, YeM CTeneHb
MHOTOuJIeHa @, (2). Ecnu MHorouses a,(z) yxKe UMeeT cTeneHb
MEeHbLIYI0, 4eM ¢, TO MOACTaBJAAA @, (2) U3 MOCJEJNHEr0 PaBeH-
CTBa B PAaBEHCTBO (3), MOJIYy4YHM

a(2)=b(2) (A, (2) + 1y (2)) + 2, (2),

KOTOpoe YyiKe sBJasercs paseHCTBoM (2). Ecau mHorousen
@, (2) ToXe HMeeT CTemeHb GOJbLIYIO, YeM ¢, TO MHl NPOJOJ-
JKHUM Hallle NMOCTPOeHHe JaJjblie ¥, B KOHIE KOHIOB, JOKAXKEM
HY2KHOE paBeHCTBO (2).

31ech MBI OmuCaJM NpPOLECC JeJieHHs] MHOTOWIeHa a(2) Ha
MHOTrOWJeH b (2), T. e. HaXxoXJeHHe MHOTOUWIEHOB A (2) U & (2),
BXOJSINNX B paBeHCTBO (2). lokaxem Tenepb, YTO MHOTOUJIEHBI
h(z) v k(z) omHO3HAYyHO OMNpejieJieHbl MHOTOYJEeHaMH a (2)
n b(z). HonycruM, uto HapALy C paBeHCTBOM (2) umeer
'MECTO PaBEHCTBO o

a(2)="b(2) hy(2) 4k, (2),
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npHYeM CTeneHb MHOrouJieHa k,(z) meHbiue ¢. Bruuras sro
PaBEHCTBO M3 paBeHCTBA (2), MOJIYy4YHUM

b(2) (b (2)—ho(2)) = ko (2) —k (2)-

lak Kaxk crerneHp MHOrousesa b (z) paBHa ¢, a cTeneHb MHOTO-
uyneHa R,(2)—k (2) MeHbllle ¢, TO MOCJIefHee PABEHCTBO MOXKET
HUMeTb MECTO JHb NpU YCAOBHH h(2)—h,(2)=0, Tak urto
U k(2)—Fky(2)=0. o

3aMeTuM, 4TO NpH JeJeHWH MHOTOYJEHOB HE MOTYT BO3-
HHKHYTb KOMIUIEKCHBbIe yYHcja. VIMEHHO, ecqHm MHOIOUJIEHBI
a(z) u b(2) uMetoT neficTBUTENbHEIE KOS(PPHLHEHTH!, TO MHOTO-
unensl h(2) u k(z) Takke HMeIOT JeHCTBHTENbHBIE KO3hDHU-
IIMEHTHL.

§ 7. Pa3noxeHHe MHOTO4IEHa Ha MHOXHTEJH

Tenepp cymecTByioMA 10 OCHOBHOH Teopeme
anreGpbl KOpeHb MHOrOUJIEHA

fo(2)=2"4+a,z"*+...4a, n>0

¢ KOMILIEKCHBIMU KO3(dHuuvenTamMu 0603HaunM depes a;. Jloka-
JKeM, YTO MHOTrouJieH f,(2) JesuTcs Ha ABYy4JeH (z—a,). [1po-
M3BOJs JeNeHHe MHOTouseHa f,(z) Ha MHoOrouseH nepBoil cre-
neHu (z—a,) MO NpaBHJaM, ONUCAHHBIM B § 6, MBI Mosyuum
yacTHoOe, KOTOpoe 0603HauyuM uepes f, (2), W HEKOTOpHIil ocTa-
TOK B BHJE MHOTOYJIEHa HYJIEBOH CTeNeHHd, T. e. 4hcJa, KOTo-
poe Mbl 0Go3HauuM yepe3 k. Takum o6pasom, nmeem

fo(2) =[1(2) (2—0,) + k.

Tak kax f,(e,)=0, To, nonarasg B NpeipliyllieM PaBEHCTBE
2=oq,, nonyyaem k=0.

Hrak, MHorousned f,(z) nenutcsi Ha (2—o,), U Mbl HMeeM

fo (2) = (z—04) f1 (2),

rae f,(2)—MHorounen creneHu n—1I, KOTOpBIH, OYeBHIHO,
HaunHaercs ¢ ujeda 2"~ ', Ecam n>1, to n—1 > 0; Torza
MHOrOuJieH f;(2) GylerT TOJNOXKUTETbHOH CTENeHW M 1O JOKa-
3aHHOMY paHee VMeeT HeKOTOphii KopeHb ¢,. Takum oGpa-

30M, 1O TOJBKO YTO JOKa3aHHOMY MHOTouJeH f, (2) pasna-
raeTcsi Ha MHOXHTEJH :

f1(2)=(z—a,) [ (2). ()

TIpono/mxkasa 3TOT npouecc jajblie, Mbl OJNYYUM pasJioxe-
Hue f,(z) Ha n JHHEHHBIX MHOXHTeNeH

fo(=(2—a)(z—a,) ....(e—,).



Yncna ay, a3 ceey O, ABNAIOTCH KOPHAMH MHOTOUNEHA
fo(2), U mpyrux Kopueit MHOIOUJEH f,(2), OUEBHIHO, HE HMEET.
THAKO MOXKET OKa3aTbCf, YTO OJUH U TOT K€ KOpEeHb BCTPe-
yaeTcss B 3TOM pPasJiOXKEHWH HecKoJbKo pa3. I'pynnupys pas-
Hble MeXIy co00{ KOpHH, MOJyd4aeM pasJoKeHHe

fo(@)=(@—a) (z—ay)% ... (2—ay), ©)

rie Bce KODHH @y, @, ..., 0, pasiuudbl. Uucio k, Hasm-
BaeTcs KPATHOCTBIO KOPHS ¢y, qHcao k »— KPATHOCTBIO KOPHS O3
H TaK Jajlee, WHCJIO k, —KPAaTHOCTbIO KOPH &,. Takum obpa-
30M, YMCJIO pastquIx KOpHeH MHorouJeHa f, (z) MOKeET GHITh
W MeHblle, YeM f. OJHAKO €CNH YUNTHIBATb KPATHOCTb Kax-
JIOTO KOpHS, TO CyMMa KpaTHOCTeH#l B TOYHOCTH paBHa H#.
B arom cMbicie MHorouneH f,(2) MMeeT POBHO n KOpHEH.

Paccmorpum Tenepsh coyuai, Koria Bce KO3GQHIMEHTHI
MHoTOuIeHa f,(2) — meficTBHTeNbHBIE yncaa. O KOPHAX TAKOro
MHOTOYJIEHA MOXKHO BHICKA3aTh HEKOTOPbIE BeCbMa HHTEPECHEIE
JOTIOTHUTEIbHBE COO0paKeHus.

Jiisi paccMOTpeHHs1 MHOTOYJ/IEHA ¢ AeHCTBHTEJNBbHBIMH K03(-

¢unreHTaMu BBeJEM IOHSATHE YHUCAA 2, KOMIUIEKCHO CONpsi-
JKEHHOI'0 JAaHHOMY KOMIIJIEKCHOMY uuciay 2. Kmenuo, eciu

2=x+iy,
TO IIO ONPEIESJCHUIO YHCJIO
Z=x—1Iy (6)

Ha3blBaeTCsl KOMILJIEKCHO CONpSKEHHBIM € 2. TakuM oGpasom,
YHCTO 2, KOMIUIEKCHO COTpPSKEHHOE C YHCJIOM 2, SIBJISETCs
3epKaJbHBIM 006pasoM 4HCJAa Z OTHOCHTEJIBHO OCH jelcTBHU-
TEJIbHBIX 9HCel.
Ecau
z=r(cosa+isina),

TO

z=r(cosa—isina)=r[cos(—a)+isin(—a)]. (7)

Takum 06GpasoM, apryMeHTH ABYX KOMIIEKCHO CONPSIKEHHBIX
yycesN OTJIHYAOTCs JHMb 3HaKoM. M3 dopmyusl (6) caenyer,
TO

2y + 2, = ;1 —|—--Z—2
(cM. rnasy 1 (2)). M3 dopmyast (7) caenyer, uTo

%12y = 2_13—2
26



(cM. rnaBy 1 (12)). 3ameTuM eile, uTO PaBEHCTBO
2=z

HMEET MEeCTO TOrJa H TOJbKO TOTJAA, KOrAa Z eCTh JeHCTBH-
TeJIbHOE YHCJIO.

W3 tpex mpenpipymux ¢opmya Jerko NOJTYYHTb, YTO IJIf
MHOrouneHa f,(2) ¢ meficTBUTENbHHIMH  Ko3(h¢ULNeHTaMH
HMeeT MeCTO PaBeHCTBO

fo@="F,().

W3 »sroro paBeHCTBa CJELyeT, YTO €CNH Oj €CTh KOPEeHb
MHOrOuJeHa f,(2) ¢ JeHCTBHTENbHBIMH KO3(h(dUIMEHTAaMH, TO
o, €CcTh TaK¥Ke €ro KopeHb. B cayuae, eciu o; ectb jeficT-
BUTENBHOE YHCJO0, TO 3TO YTBEpKIeHHE OeccoiepkKaTelbHO.
B cayuae, ecau o, He ecTb JAEHCTBHTENBbHOE YHCJIO, TO YT-
BepKIeHHe YKasblBaeT HA CYIIECTBOBAHHE HAPSLY C KOPHeEM
o, OTJIMYHOT'O OT HEr0 KOpHsS o;. Takum o6pasom, eciu o,—
He JeHCTBHTENBHOE YHCJO, TO MHOTOWNEH f; (2) (cM. (4)) umeer
JeJuTeNlb (2—a,), H Mbl TOJyyaeM pas/oxkKeHHe Ha MHOXKH-
TeJH

[o(2)=(z—a)) (z—&l) f,(2).

Takum o6pa3oM, Mbl BBIIENHJHM y MHOrowiesHa f,(z) Ksajpa-
THYHBIA MHOXHTE/b

g:(2)=(@2—a,) (2—51) =2z"—(ay '|’E1) 2+ o‘10_"1‘-

Muorounen g,(2) oueBMIHBIM 00pa3oM HMeeT [EHCTBHTEJb-
Hele K03pGhHUHEHTH H He passaraerci Ha JAeHCTBUTE/bHBIE
MHOXHTENH, TaK KaKk He MMeeT JCHCTBHTEJbHLIX KODHeH.
Orciopa caefyer, 4To MHOTOWIEH f,(2)—TaKke MHOroYJeH
C JEeHCTBUTENbHEIMH Ko3h(dUUHEHTaMH, TaK Kak OH MoJy-
yaeTcs B pesyJbTaTe JeJeHHs MHorouneHa f,(2) Ha AeHCTBH-
TeJbHEIA KBaJPaTHUHBIH TpexuleH g,(2) (cM. konen § 6).

Takum obpasom, ecnu o, — HeACTBUTEJNbHBIH KOPEHb, TO
MHl HMeeM pasJoXeHHe

fo(2)=gi(2) i (2),

rie gi(2)=2z—oy4, a eclu Q; — He AeHCTBHTEbHBIH KOPEHb,
TO MBI HMEEM DasJIOXKeHHe

fo(z)=gz (Z) fz (Z)

Taknm obpasom, B o6oux caydasix f,(z) meaurcs Ha JEHCTBH-
TeJIbHBIEl MHOTOY/IEH NepBOfl MM BTOPOH CTENEHH, He PasJIoKH-
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MBI Ha NeHCTBUTE/NbHEIE MHOMXHUTENH. Muorowien ¢ aeficTsu-
TENbHBIMH KO3((HINeHTaMH, He pa3/JoXHMBIA Ha JeficTBU-
TeJbHbE MHOXKHTEJH, HA3bIBAETCS HENPHBOAUMBIM. JHAUHT,
MHorowleH f,(z) pasnaraercs Ha JeHCTBHTe/bHbIE HENPHBOAU-
Mble MHOXKHTENH CTeneHH—oauH uiau asa. M3 sroro Beite-
KaeT BaXKHBIH BBHIBOL:

KaxcObil KopeHos mHozouAeHa fo(2) A8Asemca KopHem Henpu-
600UMO20 MHO2OMAEHA Nepeoli UL BMOpoL cmenenu.

§ 8. O6muit HanGoabwMil AeauTeNHL
JBYX MHOTOYJIEHOB

Muorounen b(z) cyurtaercs HeNUTENIEM MHOTO-
uiexa a(2), ecnH OpH JesdeHHH a(2) Ha b(z) He mnosMyyaercst
ocratka, T. e. B dopmyne (2) k(z)=0.

Muorounen b (z) cunraercss oOIUM JenUTeNeM NBYX MHOIO-
4JIEHOB @, (2) U @, (2), €CIU OH SIBJISETCA JRIHTENEeM KaxJIoro
H3 3THX JIBYX MHOTI'OYJIEHOB.

O6uiuit menurtenp ¢(2) ABYX MHOTOYJIEHOB @, (2) U @, (2)
HasbiBaeTcsd WX OOMMM HAHOOJBIIMM JAEJUTENeM, eCJH OH
JENUTCA HAa KaXIblH ofmuil genutens b(2) MHOrOY/IEHOB
a,(2) w a,(2).

CyuiectBoBaHHe 0O6IEro HauGOJBUIEro JAeJNHTeNsT JBYX
MHOro4/IeHOB He oueBHIHO. Hmxke oHo Gyner gokasaHo mpu
MOMOUIH MOCJeOBATENIbHOTO JeJIeHHs] MHOTOYJIEHOB ApYr HA
Ipyra, T.e. OpH TOMOIIH TakuX ollepanui, KOTOpHIE COBep-
warorcst 6e3 ocoObIX TpyJAHOCTeH, KPOME I'DOMO3JKHX BbIYUC-
neuufi. Ho mnpexne Bcero Mel J0KaxKeM, 4TO [JBa OOMUX
HaubOJBIIHX JeNuTeNs C,(2) u ¢, (2) ABYX MHOTOUJEHOB
a,(?) u a; (?) no cymecTtBy coBnagaiot. Mmenno, ouu moryr
OTJIHYAThCS JAPYr OT Jpyra TONBKO YHCJOBBIM MHOMKHTEJEM,
OT/MIHYHBIM OT Hyss. lokaxem 3To.

Tak kak ¢,(2) aBaseTcs OOWHM HAaUGOJBIIUM JeJHTeNeM
MHOT'OYJIEHOB @, (2) U a,(2), a ¢;(2)—uXx OoOWHUM JeJuTesNeM,
TO C,(2) nmenutcss Ha ¢, (2) W, CJeJOBATeNbHO, Mbl HMeeM
TOXECTBO

¢ (2)=hy(2) ¢, (2). ©)
Anajioruuso Mel uMeeM (OPMYJTy
¢4 (2)=ho () ¢4 (2)- O

IMoacraBnsas Bepaxenue ¢, (2) u3 dopmysst (9) B popmyay (8),
HoJyyaeMm '

Co(2) =hy (2) hy (2) 4 (2)-
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A Tak Kaxk TIpH TEpPeMHOXEHHH MHOIOYJIEHOB CTeNeHH HX
CKJIaJIBIBAIOTCA, TO U3 TocaeAHeH ¢opMyJbl Ciaeayer, 4rto
MHOrOWIeHH A, (2) H h,(2) uMeOT cTeneHb HYJb, T. €. SABJs-
1QTCSl YHCJIAMH.

Takum o6GpasoM, eNMHCTBEHHOCTb OOLIEro HauGOJBILEro
JeJquTeNsT MHOT'OYJIEHOB @,(2) M a, (2) IoKa3aHa.

IlepefineM Teneph X MNOCTPOEHHIO OOLIET0 HAHGOJBINETO
Jenutensi ¢(2) MHOT'OWIEHOB @, (2) U a,(2). Jas storo mpo-
u3BeieM JieJieHHe MHOrouJeHa a,(2) Ha MHOrousieH a, (2).
anuwem dopmyny (2) B Buge

o (2)=a,(2) by (2) + 0, (2), (10)
T. e. 0003HaYNM OCTATOK OT 3TOr0 JeJeHHs uepe3 a,(?).
Tenepp nNoABEPTHEM MHOTOUJNEH @,(Z) JeJeHUI0 Ha MHOroO-
unen a,(2), U dopmyay (2) samumeM B Bujie

a,()=0a,(2) hy(2) +0a5(2), . (11

T. €. 0003HaYHUM OCTATOK OT JeJNeHUs uepe3 a,(z). Temepn
TIOABEPTHEM JeNeHHI0 MHOI'OYJIEH a,(2) Ha MHOTOYJIEH a4 (2) U
sanumem ¢opmyay (2) B BHAe

a, () =a; (2) hy (2) +a,(2).

Tak xak B mpouecce 3TOro HOCTPOEHHS CTENEeHb OCTATOYHOIO
MHOTOU/ICHA BCE BPEMs CHHXKAETCs, TO MbI JOHJIEM 1O TaKoro
ocTaTKa, KOTOPHIH Ju60 paBeH Hymo, JuGo Gyner uMerh Cre-
TIeHb HYJb, a NpU JeJNeHWH Ha MHOTOWIEH CTENeHH HYJb
OCTaTOK, OYEBHJHO, paBeH Hy/MoO. TakuMm 06pasoM, B KOHIE
KOHIIOB MBI HOJIYUUM TOXKJECTBa

Qyy (D) =a,_, (D) h,_i (D) +a,(2), (12)
a,_1(2)=a,(2)h, (2). (13)

Ecnu tenepp b (2) —oOwuil JenuTeJb MHOTOUJIEHOB @, (2)
n a,(2), To 3 cdopmyasi (10) caenyer, 4to OH sABAAETCA
nenurteneM a,(z). M3 dopmynsr (11) crmepyer, uro MmHoro-
ynen b(z) sABnsercss JeqUTE]eM MHOTOuJeHa @, (2). Takum
obpa3oM, JOKaxKeM MOCJeOBaTeJbHO, YTO MHOTOuseH b(z)
SIBJISIETCS] JIeJIUTENEM BceX TNOCTPOEHHBIX HaMH MHOTOYJIEHOB

ay (Z), a4 (Z), Q, (Z), e @y (Z),

B YaCTHOCTH MHOrouseHa a,(z). A us dopmyusl (13) caenyer,
uTO MHOTOWIEH a,(2) ABJIfAeTCA JIeNuTeNeM a,_, (2), us ¢op-
myabl (12) caepyer, 4To OH ABAAETCS JeJNHUTENEM a,_,(2).
B KoHIle KOHLOB Mbl YCTaHOBHM, YTO @, (2) SABJsETCA JeIH-
TEJIEM MHOTOUJIEHOB @,(2) # a;(2). Takum o6pasomM, JoKa-
3apo, 410 a,(2) Aenutcs Ha JOOOH JenuTeNbh MHOrOYJIEHOB
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a,(2) u a,(2) ucam sBagercs ux genurtenem. ClaenoBaTelbHO,
MHOTOuJleH a,(2) aBjasercs OOIUM HAHUGOJBIIMM JIEJHTENEM
MHOTOUNIEHOB a,(2) U a4 (2).

Joxaxem Tenepb CJELYIOMHHA BaXKHBIH pe3ysbTaT, HMeElo-
MU MHOrOYHC/ICHHbIE NPHMEHEHHs B aJrebpe.

O6wuii HauGoJbUIHA JHeJHTeNb C(2) JIBYX MHOTOUYJIEHOB
Q,(2) 1 a,(2) MoxeT ObiThb 3amHcaH B BHJe (OPMYJIBLI

c(2)=po(2) a4 (2)+ p1 (2) 2, (2), (14)

rie p,(2), p,(z)—HekoTopble MHOrouseHnl. [lokaxem 3T0
yTBepxkuenue. Iloxcrasisis BEIpakeHHe MHOrOWIeHa a, (2) u3
topmyaset (10) B dopmyay (11), momyuum

Qg (Z) =P, (z) ay (Z) + g0 (Z) a, (2).

Tponosmkas ToT npouecc fasblie, Mbl nonyuum dopmyay (14).
Takum o6pasoM, gopmyna (14) pokasaua.

§ 9. YcrpaHeHne KpaTHbIX KopHeit

Haxoxnenne kopHeHl MHOrouseHa —siBJsieTcs
olHOH M3 HauboJee CTapHX H TPYAHBIX 3anay anreGpeoi.
ITepBoHaya/bHO €e MBITANHCh PELIHTh NPH NOMOIIK (GOPMY.IHI,
cocrosmeli W3 anre6pauuecKuX BbIPAKEHHH, BKJIIOYANOLIMX
H3BJIeUeHNe KopHel. DTO OueHb yJayHO CHeNaHO JIJisi KBaj-
patHoro ypaBHeHus. s KyOuuecKOro ypaBHEHHS TaKiKe
uMeeTcs ¢dopmyJia, HO yKe Majio 3HAYHUTEJbHAS B CMBIC]E
npusoxkeHudt. [as ypaBHeHHH uYeTBepTOH CTENEHH TaKkKe
ecTb (opMyJsa, HO JIHIIEHHAss BCAKOrO HNPAaKTHYECKOrOo 3Ha-
yenusi. [losxke OBUIO JOKasaHO, YTO WIS YPaBHEHHH Bhlilie
4YeTBepTOH cTeneHn oOmeH ¢opMyJbl pelleHHs ypaBHEHU
B pajuKajax He cymecrByeT. [losHas TeopHs O BO3MOX-
HOCTSIX HaXOXKJEHHSI KOpHeH MHOrouseHa IpH NOMOIIU pa-
JuKaJoB Oblna mocrpoeHa anya. Ha nyTu pemenuns npoGiems
OTLICKaHHSI KODHeH MHOTOWIeHa JIEXKHT Clelymouias, ropasio
Gonee mpocraa 3afaua. [nsa mHOrowneHa f(z), HMeromIEero
KaK TMpoCThle, TaK M KpaTHBlE KOPHM, HAaHTH TAKON MHOTO-
u/ieH g (2), KOTOPDEIH HMEeT Te 2Ke caMble KOPHHM, 4To H [ (2),
HO TOJNIBKO TpOCTHIE. DTa 3ajaya peraercs NPH MOMOINH
ajgroputmMa EBkinpa, T.e. npy NOMOWIM JeJEHHS MHOrodJje-
HoB. Ee pemenne Gyper paccmoTpeHo B 3toM naparpade.

Ilyets a(2) u b(z)—nBa MHOrouJjeHa, a p (2)—HUX NPOHU3-

BelleHHE,
pE)=a(@)b ().

Oy Cgy + vy Oy

OGosnauum uepes
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COBOKYIIHOCTb BCEX WYHCEN, Kakj0e M3 KOTOpHX spiserci
KOpHeM XOTsl Obl ONHOrO W3 MHOrowIeHoB a (2) u b(2). Torxa
9TH MHOTOUYJIEHBI MOTYT ObiTb 3aNHCaHBl B €JIELYIOUIEM BHJE
(cm. (5)):
a(2) = (z— o)) (2—ap)ss ... (z—a,)"7, (16)
b(2)=(z—oy)i(z—0a) ... (z2—a) lq. (16)

B ofoux 3THX pasjoXeHUAX HEKOTOpble MOKasaTeslH crele-
Hell MOryT paBHATBCA HYMIO. Mbl GyzeMm cuuTtath, 4TO KpaT-
HOCTb COOTBETCTBYIOIIHX KOpHei siBasiercss HyaeM. OueBunuHo,
MBI HMeeM

p(R)=(z—a )+l (z—a,ktl . (z—ocq)kq”q.
Takum o6pasom, Npu NepPeMHOXKEHHH MHOIOYJIEHOB KPaTHOCTH
KOpHEHl y HHUX CKJIAJBIBAIOTCS.

HMcxons u3 pasnoxkeHHS MHOrOYIEHOB a(?), b (2) Ha MHO-
xutend (cM. (1) u (16)), Jerko HafiTH uX OOUMEA HAHGOJB-
wuil fenutenp c¢(z): Has storo obo3Hauum yepes m, HaH-
MeHbIllee W3 9uces By, U [;, uepes m, —HauMeHblee U3 UYHCe
k, u I, u T. 1., uepes m,—HauMeHbIIee H3 uHcea k, M [,.
Torza HauGosbIHK OGMMIA ATHTENb MHOIOUIEHOB a (2) U b (2)
3ajiaercs GopMysnoh

c(2)=(2—a)m (2—a,)™ ... (z—a,)".

DtoT mnpocTod cmoco6 HaxoxkAeHHs oOLlero HaH6G0JbIIEro
IeJUTeNss IBYX MHOIOY/IEHOB TpeGyeT, ONHAKO, HAXOXKIEHUS
BCeX KOpHeH OGOHX MHOrOYJIEHOB U NOTOMY OH NPAKTHYECKH
MajJio IPUroJieH, TaK KaK CBOAUT IIPOCTYIO 3a1adyy K OdYeHb
TpynHOA. Mexny TeM HaxoxJeHHe oOmero HauGoJbuIero
JeJUTeNIsT JIBYX MHOIOWIEHOB, Kak Obiio NokasaHo B § 8,
npejcTaBisieT co60H O4YeHb MNPOCTYIO, pellaloLLyiocsa IpH
oMoy anroputMa EBKauAa, T.e. OpH [IOMOIM [€NTeHUS
MHOTO4JICHOB, 3ajauy.

Brisicuum Temeph, Kaxk CBfI3aHBI MeXLy COOOH KpaTHOCTH
KOpHEH MHOTOYJIEHOB @,(2) H @;(2)=0y(2), T. . KPaTHOCTH
KOpHeH MHOrouwneHa g, (2) W €ro NpPOH3BOAHOH ag(2).

OkasbiBaercsi, 4TO ecJH KOPEHb o0 MHOrOuJIeHa a,(2) HMeer
KpaTHOCTb &, TO TOT Xe KOpPE€Hb [/ MHOTOWIeHa aj (2)=
=a,(2) umeer KparHoctb k—1. Ho, koHeuno, kpome Kop-
He#, SIBJSIOMUXCSA KODHAMHM MHOTOUYJIEHA q,(2), MHOro4JeH
Q,(2) MOXKeT HMeTb H Jpyrhe KOPHH.

JlokaxeM, 4TO €CJH O €CThb KOPEHb MHOTOUW/IEHa a,(z)
KPaTHOCTH k, TO TOT e KOpeHb fBJISeTCS] KOPHEM MHOTO-
ujeHa a, (2)=a, (2) KpatHoctH k—1.

31



U3 pasnomxenust (5) MHOrOu/eHa a,(2) HA MHOXKHUTENH
CJEIYyeT, UTO €CAH O eCThb KOPeHb MHOTOYJNEeHA a,(2) Kpat-
HOCTH kR, TO

a,(2)=(z2—a)*b (2),

npuuem b(z) yxxe He HeNUTCs HA (z—a) H, CJENOBATENLHO,
He UMeeT o CBOMM KopHeM. [nddepenuupys nocsenHee coot-
HOLUeHHe, NoJyuaem

0y (2)= 0, () =k(z—a)*-1b(2) + (z—)*b' (2),  (I7)
(2—a)1b () = ¢ 0, () +(z—a)* b’ (). (18)

Hs cdopmyast (17) Bupno, uTO0 @,(2) meaurtcs Ha (Z2—oa)f~1,
a u3 popmyJel (18) cnenyer, uto a,(2) He menmurcs Ha (z2— o)
B camom pene, ecnu Owl a, (z) meausoch Ha (z—a)%, To b(2)
penunoch Obl HAa (z—a). Takum 06pasoM, KPaTHOCTb KOPHSI &
JJ1sl MHOTouseHa a,(?) ectb k—1. B uacrHoctH, ecnu o —
NPOCTOH KOPEHb MHOTOUJEHA a,(2), TO o He OYJeT KOpHeM
MHOTOUJIeHA 0, (2).

Takum o6pasom, ecnu a,(2) umeer pasnoxenue (5), TO
OOLIHM HAHGOJIBIIHM JEJHTENEM MHOTOUJIEHOB a,(2) U a4(2)
AIBJISIETCS] MHOTOUJIEH

c(2)=(z—o -1 (z—a)-1 ... (z2—a,) ",
Orciona BHAHO, YTO MHOTOUNEH @, (2) HENMTCA HA MHOTO-
4jleH ¢(2) ¥ YacTHOE UMeeT BHJ,

a (2)

c(2)

=(2—0,)(2—ay) ... (2—a,).

Takum oGpasom, chopmynupoBaHHasi B Hadaje naparpada
3ajaya O HaXOXJCHHH MHOTOUW/JIeHa g (2), MMEIOLEro Te XKe
cambie KOPHH, YTO M MHOTO4YJeH f(2), HO TOJIbKO KpaTHocTH 1,
petieHa.

§ 10. Moxncuer uucaa neHCTBHUTENbHLIX
KOpHeii MHOTOYJIeHa Ha 3aJaHHOM OTpe3ke

Haxoxjaenue KOMIJIEKCHBIX KOpHEH MHOro-

yJleHa gBJseTcs 3ajauyeil GoJiee CJOXKHOM, ueMm
HaXOXJeHHe ero MAefiCTBHUTENbHLIX KOPHEH, TaK KaK B CJy-
Yyae KOMIJIEKCHOTO KODHS HAaM MPHXOAHTCH (PAKTHUECKH pe-
aTh ypaBHEHHe C J[BYMs HEH3BECTHBIMHM, KOTOPLIMH fBJIA-
I0TCS JEACTBHUTENbHAS] YacTh KOPHSA U ero Kos(pgpHuHeHT npu
MHHMOH YacTH.
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[TockosbKy B OpeAblAyLieM Haparpade npuBeleH crocod,
NO3BOJISIIOMIHEA CBECTH BbIYHMCJIEHHE KOPHEH MHOTOUJIeHa K BbI-
YHCJIEHUI0O KOpPHEH MHOTOW/IeHa, UMEIOEero TOJbKO IPOCThie
KOPHH, TO MBbl 3aiiMeMcs 3[eChb HMEHHO 3THM CJyyaeM IPOCThIX
KopHeit. 31ech OyleT AaH pe3yJbTaT, MO3BOJIAIOIHHA B 3HA-
yuTebHOH CcTeneHd O06JIerduTb MNPHOJNUKEHHOe BbIUHC/IEHHE
JeHcTBUTENbHBIX KOpPHEH MHOro4JieHa.

Bysem paccMaTpuBaTh MHOTOU/MEH @, (X) JeHCTBUTE/b-
HOI'0 TIEPEMEHHOr0 X, HMEIOLIEro TOJBKO NMpPOCThbe KOPHH, H
najuM crnoco6 onpejeseHUsl YHCIAa 3THX KOPHEH Ha 3ajiaH-
Hom orpeske &, <<Cx<CE;. Tak Kak Bce KOPHH MHOTOUYJIEHA
a,(x¥) npocTble, TO MHOTOUJIEHBl @y (X) H @ (x¥)=a,(x) He
UMeIOT OOIMUX KOpHEH M HH [l KaKoro 3HAUEHUS X He
MOTYT OJLHOBpEMEHHO oOpalartbcsi B HYJb.

Hns pemeHuss 3TOH 3ajayd pacCMOTPUM IOCJIENOBATE/Nb-
HOCTb JEHCTBUTENBHBIX UHCEJ

Qg Qyy Ay - - -, Q. (19)

BygeMm cuuTaTh, YTO HM OJHO M3 THX YHcesa He obpaliaercs
B HyJib. [louTH 4TO CaMO COGOM MOHATHO, YTO 3HAYMT YHCJIO
nepeMeH 3HaKa B 3Tofi nocnejoBatenpHoctd (19). Onpenesum
ero gopMasbHO. Mbl GyneM cuuTaTh, UTO MEXAY @, H @,
HMeeTCsl [epeMeHa 3HaKa, €ClH OJHO U3 3THX YHCeJ I0JIO-
XUTeIbHO, a JApyroe orpuuatensHo. OGosHauuM uepes p,
B 3ToM cayuae uncao 1. Ecam xe unena a, u a; amu6o o6a
NOJIOXKUTENbHBIE, JHOO 06a OTpHuaTe/]bHBIE, TO 6GyAeM CuH-
TaTh, 4TO NEpPEMEHbl 3HAKA MeXAYy HHMH HeT. B stom ciy-
yae 00O3HAUMM uepes p, YHCJIO, PaBHOe Hymo. TouHo Tak
e ONpeesuM YHCJIO p,, KOTOpOe OlleHHBAeT IepeMeHy 3HaKa
Mexay @, U a,  Takum 00pa3oM, Mbl MOJyYHM IIOCJENOBA-
TeJIbHOCTh HYJeH M eNHHHIL

Pir Pas =+« Pp-
CyMMa BceX 4YHCe/J M3 3TOH MOC/IeJ0BaTENLHOCTH €CTh YUCIO
nepeMeH 3HaKa mocjefosartenbHocTH (19).
Hcxofst H3 MHOrOWIEHOB @, (X) U @, (¥)=a,(x), nyTem
N0C/IEI0BATEIbHOTO [ieJIeHHs1 IOCTPOMM MOCJEI0BaTeAbHOCTD

MHOT'OYJICHOB.
PasfiesiiM MHOTOUWIEH @,(X) Ha MHOTOWIeH a; (X) H 3amu-

wem ¢opmyny (2) B Buie
a, (x) = hy (x) a; (x) —a, (%)
PasfenuM Temepb MHOTOYIEH @, (X) HA MHOTOWIEH 4, (x)
u sanumem dopmynay (2) B Buie
ay (%) =hy (x) @y (X) — a5 (%).
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Ha k-M mare 3Toro npouecca Mbl MOJYYHM TOXIAECTBO
Q1 (X) = hy (%) Qg (%) — Aoy (X). (20)

Ilpofoskasi STOT Mpolecc IO KOHI@A, MBI NMPHAEM K MOCJe0-
BATENLHOCTH MHOT'OYJIEHOB

a,(x), a;(x), ..., a,(x). 2n

Ipouecc nocTpoeHHst 3TOH MOCJIENOBATENbLHOCTH MOYTH B TOY-
HOCTH COBMaJaeT C NPOLECCOM HAXOXKIEHHS HAUOOJBIIETO
o6Lero fesnuTenst ABYX MHOTOWIEHOB. Tak Kak MHOTOUJIEHHI
a,(x) ¥ a,(x) B3aUMHO MPOCTHI, TO MOCJENHUH UJeH MOCJen0-
BaTeJbHOCTH, 8 HMEHHO 4, (¥), ecTh YHCIO.

3ameTHM TMpexiae BCEro, YTO HH NPH KAKOM 3HAYEHHU
X=2x, JBa psIOM CTOsIIHE MHOrOuYJeHa MOCJe/0BaTe/b-
HoctH (21) He MoryTr ofpamarbcs B HyJb. B camom Iere,
€CIH @y, (X,) = @11 (%,) =0, T0o u3 cootHomeHnus (20) crenyer,
uTO af_q (%) =0.

Ilpomomkast sTOT mpouecc, Mbl NpPHIEM K BHIBOLY, YTO
MHOTOUJIEHBI @, (¥) ¥ @, (¥). o0pamaoTcss B HYJb NPH X = X,
a 3T0 HEBO3MOXKHO, TaK KaK OHM He HMeIOT OOLIMX KOpHeil.

ITycte Temepb x BO3pacTaeT, HauHHAsi OT 3HAYEHUsA &, U
KOHuast §;. SICHO, YTO NpH TaKOM -pOCTe X YHCJIO [EpEMEH
3HAaKa TNOC/JAeN0BaTeNHLHOCTH yHcen (21) MOKeT H3MEeHHThCS.
A 3T0 MOXKET MPOH3OHTH TOJBKO NpPH NPOXOKIAEHHH X yepes
TaKoe 3HaUeHHE X,, NPH KOTOPOM OJHMH H3 UJEHOB MOCJEN0-
BaTeJNbHOCTH (21) MeHseT 3HaK, T. €. NMPOXOIHT Yepe3 HYJb.
Honyctum, 4To OpH X=x, Mbl HMeeM a,(¥,)=0 u mpu
pocte x BOJM3M TOUKHM X, 3HaK (YHKIMH a,(¥) MeHsercsd.
ITonaras B coorHomeHun (20) x=x, MNOJYYUM pPaBEHCTBO

Q1 (% =—apy1(xo)-

Taxum obpasoM, uHG a a,_g(%,) H Q.1 (X,) MMEOT NPOTHBO-
nosoxkHble 3Haku. Eenm npu x, 6auSKOM K X,, 4HCIO 4 (x)
HMeeT 3HAK, COBMNAJAOMUH CO 3HAKOM @4_,(X¥), TO 3HAKH
YHCEN Qf (X) M Qg () pasnuudel. TakuMm obpasoM, Mexuy
;-1 (X) ¥ a,(x) nepeMeHBl 3HAaKa HeT, a MeXAY a,(x) u
Q41 (X) TepeMeHa 3HaKa eCcTb. Lcau NIpH  OpoXoxieHuH
TOYKH X 4epe3 X, 3HaK YHCJA a(X) MeHseTcs, TO IJsl 3TOro
X MEXNY @_,(X¥) M a,(x) mepeMeHa 3HaKa €CTb, a MEXIY
Q,(x) U @y (x)—ner. Takum o6pasoM, ycraHaBiIHBaetcd,
4TO NPH NPOXOXKJIEHHH TOUKH X 4epes X,, NMPH KOTOPOM & (X,)
ofpaiiaerca B HyJ/b, YHCJIO NepeMeH 3HAKOB B TPEXUJIEHHOH
N0CJIe[0BAaTEbHOCTH

A1 (%), (%), Apyi(x)



une Mensierca. Homep & oGnajaer mnump TeM CBOHCTBOM, 4TO
Y, Hero ecTb mpeAbiAyiiuii HomMep k—1 u mocaepyiomui k+1.
TakuM o6pa3oM, UHCJIO NepeMeH 38HAKOB IIOCJeJ0BaTe/b-
HocTd (21) MoxerT HM3MEHHTHCS JHIIb TOTAA, KOrja INpH mOpo-
XOXKJEHUN X Yepe3 X, MEHseT 'CBOH 3HaK /MO0 NepBHIH ujeH
niocsienoBatenbHOCTH (21), ubo cambiit noctenuuit. Ho mocnen-
HUH UleH He MOXKeT MEeHATh 3HaKa, TaK KaK 3TO eCTh KOH-
CTaHTa.

[TocmoTpuM Temepb, Kak MeHSIeTCS YHCJIO MepeMeH 3Haka
nocjaefoBatesbHOCTH (21), Korja B TOuKe X, NEPBEIl 4jeH
nocJjenoBaTesbHocTH (21) obpauaercss B HyJab. Ecau mpu x,
6/H3KOM K X,, HO MEHBILIEM X,, d,(x) > 0, ToO npHu mpoxoxze-
HUH X uYepe3 TOUKY X, GYHKIHS a,(x) usmeHHT 3Hak. Ho
IpH X=X, YHCJIO a; (x,) OyJeT UMeTb OTPHIATE/NbHBEIH 3HAK,
TaK Kak NpH 3TOM (QyHKIUS a,(x) yObIBaeT, C/lef0BaTE/bHO,
Npou3BoJHAs ee a; (X) oTpuuartensbHa. Takum ob6pasoMm, NpH x,
G/IM3KOM K X,, HO MeHBbIIEM X,, MEXIY a,(X) U a, (x) uMeercs
nepeMeHa 3HaKa, a nOpu x, GoJbmeM X, HO OJH3KOM K X,,
MexXAy a,(x) U a;(x) mepeMeHbl 3Haka HeT. TakuMm o6pasoM,
IpH NPOXOXKIEHHH TOYKH X Yepe3 X, NPH KOTOPOM OyHK-
uua a,(x) obpamaercs B HyJb H yO6bIBaeT, NepeMeHa 3HAKOB
MeXRLY @o(¥) ¥ a;(x) ucuesaer. TOYHO TaK e YCTaHaBJIH-
BaeTcs, YTO €ec/HH IpH Inepexofe Yepe3 TOUYKY X, QyHKIHsA
a,(x) BO3pacraer, TO IHepeMeHa 3HaKa MEXAY o (X) H a, (x)
ucuesaer. TakuM 06pa3oM, yCTAHOBJIEHO, 4TO YHCJIO HEPEMEH
3HAaKOB IOC/IeOBaTebHOCTH (21) DpH H3MEHEHHH X MOXKET
NPOH30HTH JHHIb TOTJA, KOrJa X MHPOXOAUT yepe3 KOpeHb
MHOrou/JeHa a4(x), OpHM 3TOM Kax/[blfl pa3 ofHa IepeMeHa
3naka ucyesaer. ClienoBaTeNbHO, KOTJa X pacTer oT §, 1o &,
B II0C/IeI0BaTeqbHOCTH (21) mpoHCXOOMT noTeps OAHOH mepe-
MeHbl 3HaKa NpPH MPOXOXKIEHHH X yepe3 KOPEHb MHOrodJeHa
a,(x). Y, cnemoBartespHo, BN HAXOXIRHHA YHCJA KOpHEH
MHOTOUJIEHA @, (X) Mexny § H & Hajgo CPAaBHHTb UHCJIORHE
[0CJIe10BAaTENbHOCTH

2 (80), ar (5o, -+ -5 @, (5o)s (22)
a, &), a (&), - -5 a, (Ey)- (23)

Usncso nepeMeH 3HAKOB NOCJIENOBATENbHOCTH (22) MOXKeT GhITh
JUuIb GOoJbLIE, UeM YHCJIO INepeMeH 3HAKOB IOC/IEN0BATe/Nbe
Hoctu (23).

[Toreps yucia mepeMeH 3HAKOB NpH Nepexofe MNOCJenoBa-
TeNbHOCTH (22) B MOC/IELOBATENbHOCTh (23) €CTb YHCIO KOP-
Hefi MHOrouseHa «,(x), HaXOAAWMXCA B INPOMEKYTKE
L <y <Es

g% 83



I'JIABA 4

KBATEPHHOHDI

Onucanuio KBaTePHUOHOB s NPEINOCHIAI0  He-
KOTOpble CBeJeHHs O BEKTOPHBIX NPOCTPAHCTBAaX, KOTOpHIE
MHe nonanoém‘cn [IpH U3YYCHHH KBAT€PHHOHOB, TaK KaK KBa-
TEPHHOHBI COCTABJIAIOT YETbIPpEXMEPHOE €BKJHJ0BO BEKTOPHOE
TIPOCTPAHCTRO.

§ 11. BexTopHbie npocTpaHCTBA

TocaenoBaTeIbHOCTD
x=(x x% ..., x) (1)

N3 1 JeHCTBUTEJNBLHBIX UHCeJ, PAeNoJIOKeHHHX B ONpeleseH-
HOM MopsifKe, yKasaHHoM B ¢opmyse (1), HaspiBaercs n-mep-
BuiM BekTopoM. CoBOKYNHOCTb A™ BCeX f-MepPHHIX BEKTOPOB
HAa3bIBaeTCsl N-MEPHHIM BeKTOPHBIM IpocTpaHcTBoM. Yucna

x4 %2 ..., X

HasbIBaIOTCS KOOpAMHATaMH Bektopa X (cMm. (1)).

BekTop cumraercsi paBHBIM HYJIO H 0603Hayaercs uyepes 0,
ecJM BCe €ro KOOpAHHATHl PaBHBI HYJIO.

IMpousBosbHBII BEKTOp X M3 A" Moxer GbITb YMHOKeH
Ha JefCTBUTENIbHOE uucso o. Jlas nosyyenuss 3Toro mnpous-
BEJICHHS KaxKJas KOOpPAHHATa BEKTOpPA X NOJIKHA GBITh YMHO-
XeHa Ha uucao a. TakuM o6GpasoM, B BHAe (OpPMyJbl Mpo-
u3BeJleHHE O.X 3aNHCHIBAETCS TaK:

ax=(ax*, ax?, ..., ax"). 2)
Kaxapie asa Bektopa, X (cM. (1)) u
y=Wu" 4 -y
n3 A" Moryt ObiTb cJoKeHbl. [l 3TOro KOOpAMHATHI HX

caeyer CNOXHTb. B Buje dopMmyJibl 3TO 3aNHCHIBAETCA CJle-
Iyomym oBpasom: “

K+ Y=+, Ry ..., ) 3
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Ecan tenepp
xl, xz“, o ey xk (4)

— COBOKYMHOCTh k BEKTOPOB mpocTpanctsa A", To, HOMb-
3ysich onepauusMu (2) u (3), MOXKHO COCTABUTH HX JIHHEHHYHO
Gopmy

Z=a1x1+062x2+...—~l—ockxk, (5)

Thle o, ..., 04— AeACTBUTE/NbHBIE YHCJIA.

CoBokynHOCTH M3 k BeKTOpOB (4) cuMTaeTcs JIMHEAHO He-
3aBHCHMOH, ec/iu BeKTop, onpefnenenusiii gopmynoh (5), obpa-
1aeTcs B HYJb JIHIIb NPH YCJAOBHH, KOTAA - :

a, =0, a,=0, ..., a,=0.
B NpoTHBHOM CJydae, T. €. ecNH CYUEeCTBYIOT TakKHE 4YHC/a
Qyy Agy - v vy O, (6)

He Bce paBHblE HYJIO, 4TO BEKTOp 2, onpejeasieMbldi dopmy-
qoit (5), obpaiaercss B HyJb, COBOKYNHOCTb (4) HasbiBaetcs
JUHeliHO 3aBucHMOB. EcC/IH K COBOKYMHOCTH JIHHEHHO 3aBH-
CHMBIX BEKTOpOB (4) npuOaBUTb elle HECKOJBKO BeKTOPOB
Xpr1y Xp+gr - - -y Xy TO pACHIMPEHHAss COBOKYIHOCTD

X1y Xy -0y Xy

GyJer JMHeHHO 3aBHCHMOH. VIMeHHO, eciiM COBOKYIHOCTb KO-
apuiuenToB (6) ocyulecTBAseT JIMHEAHYIO 32BHCHMOCTb BEK-
TopoB (4), TO Mbl HMeeM COOTHOLIEHHE

0 Xy + X+ - X+ 00X+ ... 40k, =0,
npuyeM He BCe 4YHCJA TocJenoBaTeJbHOCTH
al,az,-..,ak,ak+l=0,..., OL‘==0

paBHHl HYJIO.

Ecan B BEKTOPHOM MPOCTpaHcTBe A", COCTOALIEM H3 BCeX
BekTopoB BuAA (1), paccMOTPeTb Te BEKTODHI, ISl KOTOPBIX
i- KoOpAHHATa OGpallaeTcsi B HyJ/b, TO Mbl MOJYYHM TaKKe
BeKTOpHOe mpocTpaHcTBo A", HO pasmepHocTH n—1, KoTo-
poe HasbiBaeTCs KOOPAMHATHBIM MOANPOCTPAHCTBOM MPOCTPaH-
crea A"

IokaxeM Tenepb CJENYIOMIee BaXKHOE MNPENJIOKEHHE.

A) CoBokynHOCTb (4) BEKTOPOB n-MEPHOI'0 MPOCTPAHCTBA
A" npu k> n Bcerna JMHEHHO 3aBHCHMA.

Hns  joxkasaTesbCTBa [OCTAaTOYHO PacCMOTpeTh Cayyal
k=n-+1. JlokasatenncTBo GyneMm BecTH HHAYKTHBHO. OTMe-
THM, Npexkie Bcero, yro And n=1 yTeepxnenue A) cnpa-
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"Benmpo. [TycTh X, y —nBa BeKTOpa npocTpaHcTsa Al, mpuuem
x=(x"), y=(y")-
Ecau yucna x*, y* paBHBI HYJIO, TO Mbl HMEEM COOTHOLIEHHE
ax +By=0

uUpH TPOHM3BOJIBHBIX O H P, TaK 4TO B 3TOM CJyyae BEKTODPHI
X U y nuHefiHO saBucHMbL. Ecau He ofa yucaa x', y* paBHBI
HYJIO, TO Mbl MMEeM COOTHOLIEHHE

y'x—xty=0.

Takum o6pasom, mpu n=1 yTBepxzueHue A) BepHo.
Ilycte Tenepb

X1y Xgy - -0y Xpi3 (7)

— COBOKYIHOCTb M3 (n-1)-ro BekTopa npocTpanctsa A”.
CocpenotounM BHUMaHHE Ha MOCTeNHell KoopjuHATe BCEX
BEKTOpPOB COBOKYNHOCTH (7). Ecsiu Bce OHUM paBHBI HYJIO, TO
COBOKYIHOCTb BEKTOPOB (7) NMpHHAAEKHUT K (n— 1)-MepHOMY
npoctpancTBy. COr/iacHO NpPeNNONOKEHHIO HHIYKIHH COBO-
KynHocTb (7) JMHeHHO 3aBHcHMa. JlomycTHM Ternepb, YTO XOTS
6bl OJHH BEKTOp, HANPHUMEp X,,;, HMEeT IOCJEIHIOI KOOp-
AMHATY OTJHYHYIO OT HyJs. [ln KaXkIOro BeKTOpa X; COBO-
KYNHOCTH (7) OpH j<{f MOXKHO MOAOGPaTh TaKoe HHCJO O,
4TO BCe BEKTOpa y;, onpejensembie hopMyJoH

yj=xj_a]'xn+i; ]=1’ (S (8)

HMEeIOT TOCJIEJHIOI KOOpJAHHATY, DaBHYIO HYJIO, U NOTOMY
Jexat B (n— 1)-MepHOM BekTOopHOM mpoctpanctBe. CienoBa-
TeJIbHO, 110 NIPEANONOKEHHIO HHAYKIHH OHH JUHEHHO 3aBHCHMEI.
Takum o6pasoM, CYIIECTBYeT COBOKYIIHOCTH YHCEJ

Bli Bz’ R ] l‘)’n

(upyueM He BCE STH YUCJA PABHBl HYJIO) TaKasl, YTO HMEETCS
COOTHOILIEHHE

Bryi+Byi+ ... +6,9,=0.
Y3 sroro m us ¢opmyasl (8) BbITEKaET:
Bues +Boyt - o B, — (Buos + Booa + . Baet,) £, 1=0.

Takum o6pasoM, COBOKYNHOCTb BeKTOpOB (7) JIMHEHHO
saBucuMa. Mrtak, npepnoxenne A) D0KasaHo.

B) Basuc BeKTOpPHOIo NpoCTpPaHCTBA.

OGosnaunm uepes e; BekTop u3 A", Bce KOOPAWHATHI
KOTGPOrO PaBHBI HYJIO, 33 HCKJIOYEHHEM OAHOH KOOpPIMHATH
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HoMepa i, KoTopasl paBHa l, T.e. HOJIOKHM
e,=(1,0,...,0),
e,=(0,1,...,0),

e,—(0,0, ..., 1).

slco, uto BerTOop X (cM. (1)) samuceiBaeTcs B BHIE

x=xle1+x2e§+ ce +xnen)

npuueM KodpduuuenTs x*, x?, ..., x”, BXOAdALIME B 3Ty ¢op-
MyJy, OLHO3HAYHO ONpejie/ieHbl BeKTopoM Xx. Takum oGpasoM,
KaX/bli BEKTOP X B BEKTODHOM InpocTpaHcTBe A” Bhipa-
JKaeTcs B BHJE JIMHEHHOH (OPMBI OTHOCHTEJIbHO BEKTOPOB

e, e, ..., e, ©

npuueM Ko3hpPuUUeHTH 3TOH JUHEHHOH (OPMBI Onpele/eHkl
ondosHauno. CucTeMa BeKTOPOB, 00/1ajaroumiasi 3THM CBOHCT-
BOM, Ha3blBaeTcsi 0as3uCOM BEKTOPHOTO TpocTpaHcrea A”..
Tlocrpoenuniii Hamu 6Gasuc (9) He SBASETCS eNUHCTBEHHBIM.
OckasbiBaercsi, 4yTo JroGasi JIMHEHHO He3aBHCHMas CHcCTeMa
BEKTOPOB

2, 8, ..y 8, (10)

colepKaiiasi 1 BeKTOpoB npoctpancTa A", sBisiercs 6a3HeoM;,
STOTO HPOCTPAHCTBA.

JIle#icTBUTENBHO, NYCTb X —TpPOM3BOJIBLHEIA BEKTOp N po-.
crpaucrBa A". Torza BeKTOpEL

X, &, & ..., &

JIMHEHHO 3aBHCHMBbI, TOCKOJNbKY copepxkat n-+41 BekTop
(cM. A)). Takum o6pasoM, Mbl MMEEM COOTHOLIEHHE

ox+a.e +ae+ ... +a,e,=0, (11)

[IpHYEM B 3TOM COOTHOLICHHH He Bce KO3(Q(HIMEHTH paBHbI
Hysmo. B uactHoCTH, KO3h(QUUHKEHT ¢ HEe MOXKET GhiTb paBeH
HyJ/0, TaK KaK ecju Obl OH OBl paBeH HYJIO, TO OKasajoch
6ni, yro BekTopn cucremsl (10) susefiHo saBucHMBL [loJb-
sysich 3THM, pasienuM cooTHouresue (11) Ha Bequuuny —a.
Jlns Ttoro uro6bl He BBOAHTH HOBhle OCO3HaueHusi, GynaeMm

CyHTaTh, YTO O =—1, a ocTajbHble KOIPHHUIHEHTH COXpa-
puM. Takum obpasom, nosyyaem
X=08;+ 0+ ... + .8, (12)

Ecau 6 BexTOp & MOr OHITh 3alyCcaH aHAJOTMYHO Hepes
.cucremy (10), Ho ¢ Apyrumy KosgduHeHTaMe, T. €. UMeJo Ot
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MECTO COOTHOLLEHHE
x=P.&;+Pei+ ... +p&,

TO, BBHIUMTasi MOCJEHee COOTHOWEHHe U3 cooTHowenus (12),
Mbl NOJyYusu Obl COOTHOLLEHHE

(al—ﬁl) 81+ (az—ﬁz) 82+ e +(an—ﬁn) en=01

YTO BBHJAY JIMHeHHOH He3aBHCHMOCTH BeKTOpOB cucteMbl (10)
NpUBOAMT K paBeHcTBY o, =f; i=1I, ..., n.

C) Iycrs ‘
Xy, Xy ovoh Xy (13)

— HEKOTOpas JIHHEHHO He3aBHCHMAasi CHCTeMa BEKTOPOB 3 A”.
Ecau p <n, 10 cucremy (13) MOXKHO IONOJNHHTD BEKTOpPaMH
Xpi1s + -1 X, TAK, U4TO CHCTEMA

X1, Koy ooy Xpy xp+iv ceey Xy

JINHEHHO He3aBHCHMA.

Hokaxem yrtBepxjenne C). Ecin C) HeBepHo, To, npu-
coequHsisi K cucreme (13) BekTOop €, (cM. B)), Mbl moay-
UM JIMHeHHO 3aBHCHMYIO PacLIHPEHHYIO CHCTEMY

ey, X1, vy Xy

Bektop e, — nenyneBoit. Ilosromy Haiiznercs Bektop x,,
JHHeHHO BbIpaXKalOIUHCA Yepe3 OCTaJbHblE BEKTOPHI pacCIlH-
pennoit cucrembl. MckaiounM ero M3 paclIMPeHHOH CHCTeMb.
Toraa n06oéi BeKTOp M3 A" MOXKHO JIHHEHHO BHIPA3UTh ye-
pes3 ocTaBLIMecs BEKTOPbl paciuMpeHHofi cucreMbl. [loGapus
K OCTaBLIMMCSl BEKTOPaM pPacIIMPEHHOH CHCTeMbI BEKTOpD e,,
Mbl HOJIYYHM JIHHEHHO 3aBHCHMYIO CHCTEMY, M3 KOTOPOH Mo-
JKHO HCKJIIOUHTE OJIHH M3 BEKTOPOB X1, - .+, Xg-1, Xg41, - - -, Xp
[pojo/mxkas 3TOT mpolecc, Mbl HCKJIOYHM M3 paclUMPEHHOI
cucTeMbl Bce BeKTophl (13) M mpugeM K BEIBOLY, UTO JHO-
Goit BekTOp M3 A" nMHeHHO BEIPaXXaeTcsl Yepe3 BEKTOPHI
e, ..., e, uto HesepHo. CnejoBaTtenbHo, yTBepxjienue C)
CrnpaBeJJInBo.

Uz npeanoxenus B) Buano, yto nannoe B Hayase npu
noMou KoopiuHaT BekTopa (cM. (1)) ompeneneHne n-mep-
HOTO BEKTODHOTO NPOCTpaHCTBAa A” He ABJSETCH HHBAPUAHT-
HEIM, TaK KaK OHO 3aBHCHMT OT CJyyaHlHO BbIGpaHHOro Gasuca
(9), a 6asucoB B npocTpaHcTBe A" cyliecTByeT GecuucJeHHOe
MHOXKecTBO. [losToMy MBI 1ajMM Apyroe MHBapMaHTHOE ompe-
ZieJleHHe N-MEPHOTO BEKTOPHOTO NpocTpaHcTBa A”, '

D) BexkTopHBIM NPOCTPAHCTBOM HA3BIBAETCS MHOMXKeCTBO A
9/IEMEHTOB, B KOTOPOM OMNpeJe/eHbl Be ONepaliy — CJIOKEHHe
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W YMHOXEHHe Ha AeHCTBHTE/IbHBIE YMCJIZ, NPUYEM BBHIIOJIHEHO
ycoBHe: ecad o H ff—Jpa uncaa, a X U Yy —JBa 3JJMeMeHTa
npocrpaHcTBa A, T.e. JBa BeKTOpPa, TO HMEIOT MECTO COOT-
HOILLEHHS '

(@+B) x =ax+px,
a(x+y)=ax+ay.

Ilpu mnomomy onepaunuil, MMEIOUMXCS B BEKTOPHOM MPOCT-
paHctBe A, MOXHO COCTaBHTb JIHHEHHYIO KOMOHHAUMIO 1po-
M3BOJILHOM CHCTEMbl H3 BEKTOPOB

X1y vy Xpy
T. €. MOCTPOUTb BEKTOP
z=a’1xl+a§x2+ e +a’nxn’

rje @4, ..., O, — AeHCTBUTEJbHbIE YHCHa.

Takum o6pa3oM, MOXHO BBECTH MNOHSATHE JMHEHHOH 3aBH-
CHMOCTH BEKTOPOB W JIMHEHHOH He3aBHCHMOCTH, KaK 3T0 GblJIO
caenano panbwe (cM. B)). Econ B BekTopHOM mpocTpaHcTBe A
nuMeerTcs n JIMHEHHO HE3aBHCHMBIX BEKTOPOB, HO HeT n-+1
JIMHEHHO He3aBHCHMBIX BEeKTOpa, TO CYHTAETCs, YTO BEKTOP-
HOE NpOCTpPaHCTBO A MMeeT pas3MepHOCTb A H o603Hayaercs
yepes A". BuiGupas B mnpoctpanctse A" n JMHeAHO He3aBH-
CHMBIX BEKTOPOB, Mbl MOJIy4yHM 6a3uc M NpPH NOMOIMIU HEro —
KOOPJMHATHYIO 3aluCb JI06Oro BeKTOpa.

E) Bektoproe mnoznpocrpancrBo. Ilycte A — BekTapHoe
MPOCTPAHCTBO M NycTh B-—Takoe NOIMHOMXKECTBO €r0 BEKTO-
pOB, Y4TO HapsAAy ¢ ABYMsA BeKTOpaMH x H ¥ U3 B B B BXo-
JAT TaKXe X3y, a HapsAy ¢ BEKTOPOM X B B BXoauT H
€FO NpOM3BelleHHEe Ha TNPOH3BOJIbHOE JEACTBUTENbHOE YHCJIO,
T. €. BeKTOp ax. Torza B, oueBnaHO, NpeACTaBJsieT coGoii
BEKTOpPHOE TNPOCTPAHCTBO B CHJYy TeX OIepalMi, KOTOophie
umetorcss B A. Muoxecrso B HasbiBaeTcsi BeKTOPHBIM TOJ-
npocrpancTsoM npocrpanctsa A. Ecam BekropHoe npocrpan-
cTBO A uMeeT KOHEUYHYIO pasMepHOCTb 1, TO €ro MOANpPOCT-
paHCTBO B HMeeT pa3MepHOCTb, He NPEBOCXOUSILYIO M.

F) Ilycts A" —n-MepHoe BEKTOPHOE IMPOCTPAHCTBO, a BP
u CY—Ba €ro BEKTOPHBIX MOINPOCTPAHCTBA Pa3MEPHOCTH p
u g coorBercTBeHHO. Ecin BekTOpHBIE NoANpocTpaHcTBa BP
1 C?9 MMEIOT eIMHCTBEHHBHIH OCMMH BEKTOP HYJb, a p- g==n,
TO BEKTOPHOE NMPOCTPAHCTBO A” pacnajaercs B NPAMYIO CyMMy
CBOMX BEKTOPHBIX mnoxmpocrpancte BP u CY9. VmeHnHo, Kax-
Jbli BeKTOp X u3 A" npeictaBiseTcs B BHJ@ CyMMbl

v=y+2
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rie y—Bektop u3 BP, a 2—pBekrop u3 C9, npuueMm ciarae-
Mble Y H 2 OJHO3HAYHO ONpefiesieHbl BEKTOPOM X.

Jlns foxasaTesbCTBa 3TOTO YTBEpPXKIAEHHS BbiOepeM B NOA-
npoctpaHcTBe BP 6asuc

£, &, ---, &p, (14)
COCTOSIIIMA M3 p 3JEMEeHTOB, a B noxnpoctpancTBe CI— Gasuc
Epitr Epigr + ooy &y (15)

cocTosimui u3 ¢ saeMeHToB. OGbEIHHSASA COBOKYNHOCTb BEK-
topos (14) u (15), mosyuuM COBOKYNHOCTb

€, &, ..., &, (16)

JokaxeM, 9To COBOKYIHOCTb 3Ta COCTaBJsieT 6asuC MpOCTpaH-
crBa A". Tak Kak uucno BeKTOpoB cucreMbl (16) paBHO pas-
MepHOCTH mpocTpaHcTBa A", TO NOCTAaTOYHO J1OKas3aTh, YTO
BekTOpbl cucteMsl (16) suHeliHO HesaBucuMmbl. [omycrum, uto
HMeEeT MEecTO INIPOTHBOMOJIOXKHOe. KIMeHHO, MMeeT MecTo COOT-
HOILIEHHE

0808t . 080 B F 08, =0, (17)

mpuyeM He Bce KO3POHIMeHTH!, BXOAAIIME B 3TO COOTHOIIE-
ude, paBHb Hy/mo. OG03Hayast yepe3s y CyMMy NepBHIX p ujle-
HOB cymMbl (17) u uyepe3 2—cCyMMy OCTaJIbHBIX YJIEHOB 3TOH
CyMMBI, MOJIyuaeM [Ba BeKTopa y WU 2, npuyeM o0a OHHU
OIHOBpEMEeHHO He MOTyT OfpamaTbCsi B HyJb, TAK YTO XOTH
O ONMH M3 HHUX OTJIHYEH OT HyJs. [Ipu 3TOM CoOTHOIIEHHE
(17) nepenucoiBaeTCsi B BHJE

y+2=0,
uJM, HHayYe,

=—-——z,

rae y € B/, —zeCa.

Taknm oGpasom, Mbl NPHXOAUM K BHIBORY, YTO BEKTOPHBIE
nognpocrpancTBa B? u C? umeloT o6L{HE BEKTOP, OTJIHYHBIH
OT HYJIf, YTO NPOTHBOPEUUT HAIUEMY INPEANOJOKEHHIO.

Takum o6pasom, cucrema (16) sBisercss GasucoM mpocT-
paHcTBa A" M KaXKIblll BeKTOp X H3 A” MoxKeT OHITh 3amHCaH
B BHJe

X=o8i+ ... +08,+C 18 1+ ... a8,
O6o3Hauast yepe3 y CyMMy MNepBBIX p claraeMbix IocjaenHefi

CyMMBl, a 4yepe3 2—CyMMYy OCTaJIbHBIX CJlara€MbiX, MbI npu-
XOAHM K BBIBOLY, 4YTO

x=y+2,
rie y € Bp, z€ C1. Takum o6pasoM, yTBepkaeHue F) nokasano .
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G) ITyets X u Y —jBa BeKTOPHBIX NpPOCTPAHCTBA H f—
oTo0pakeHHe, CTaBsilleé B COOTBETCTBHE KaXKIOMY BEKTODY
x € X HexoTophifi BekTOp f(X)€Y, yhoBIeTBOpSIOLIEE Cile-
LYIOUIHM yCJIOBHAM:

[ (x4 2x) =T (x1) + 1 (),
[ (ex)=af (x),

rie o.— NMPOM3BOJIbHOE JeHCTBUTEJbHOE 4Hcs0. Takoe oro6pa-
KeHHe [ BEKTOPHOro mpoctpaHcTBa X HA3HIBAETCS JIMHEHHBIM.

ToBopsiT, uTO OTOGpaXKeHHe ecTb OTOGpaeHHe MPOCTPaH-
ctBa X Ha NPOCTPaHCTBO Y, BMECTO TOro, 4toGbl CKa3aThb
ecTb OToGpaKeHHe B MPOCTPAHCTBO Y, B ciyuae, e/ B Kax-
IBlii 3JIEMEHT NpPOCTPAHCTBA Y NEpPEeXOJUT XOTb ONHUH 3JIEMEHT
npocTpaHcTea X.

Oro6pakeHne [ Ha3plBaeTCst H30MOP(HBIM, €CIH B HYJb
NPOCTPAHCTBA Y MEPeXOAHT TOMBKO HYJb INpOCTpaHCTBa X,
T. €. €CIH H3 cooTHOmeHHs [(x)=0 caexyer, uto x=0.
B sroM cjaydae f ecTb B3aUMHO OJHO3HAYHOE OTOGpaKeHHE
npocTpancTBa X Ha BeKTOpHOe moampocTpaHcTBo [(X) mpo-
crpaHcTBa Y. B camom Jente, ABa pas/HUHBIX BEKTOpa X, H
X, npoctpaHctBa X He MOI'YT NepefiTH B OOHMH H TOT Xe
BEKTOD NPOCTPAHCTBA Y, TAK KaK TOIJla HX PasHOCTb Xj— X,5=0
nepexousia Obl B HyJb NPOCTPaHCTBA Y.

§ 12. EBKIMIOBO BEKTOPHOE MPOCTPAHCTBO

BekTopHoe npoctpancTeo A” HasBIBaeTCsA €BK-
JIMOBLIM, €CJH B HEM ONpPEJE/EeHO CKAaJISIPHOE MPOHM3BENCHHE.
A) ToBopsT, 4TO B BEeKTOpDHOM InpocTpaHcTBe A" omnpe-
JIeIeHO CKaJISIpHOe NPOM3BEJEHHE, €CJH KaXKJOH Nape Bek-
TOPOB X M Y 3TOrO NPOCTPAHCTBA IOCTABJIEHO B COOTBETCT-
Bue IeHCTBHTE/NbHOE YMCJIO, KOTOpoe o0o3Hayaercs (X, y) H
HasbiBAeTCsl CKAJADHBHIM IPOHM3BEJEHHEM BEKTOPOB X H ¥,
NpHYEeM BHIIOJHEHbl YCJIOBHS CHMMETPHH H JIMHEHHOCTH.
VIMeHHO, HMEIOT MECTO CJIEAYIOLUIHe COOTHOLIeHHS

(%, )=y, x). (185

YcaoBue JMHEHHOCTH: HMEHHO, €CJIM X; M X;—JBa BEKTOpa
H3 mpoctpancTea A", &— JEHCTBUTENLHOE YHCJO, TO HMEIOT
MeCTO COOTHOIIEHHS

(x1+xsr y)=(xi’ y)+(x§y y)y
(ax, y)=a(x, ¥).
Tax xax HMeeT MECTO CHMMSTDHA, TO JHMHEHHOCTb BbINOJHe-
43



Ha 4 1o BTOpoMy BekTopy, y. Mmenuo:

(x' y1+y2)=(xv J’1)+(x» J’z)’
(%, By)=P(x, ¥).
Ilycts

€, €, ..., &,

— HEKOTOpHIH Gasuc mpoctpanctea A”, Tak 4To

X =x'e, + x%,+ ...} x"%,,

Y= y'e,+ye+ ..+ yre,.
Tonoxum

(e &)=gi,;-
B cuny cummerpuu (cm. (18)) mbl umeem
8i, ;=28 i
B cuny JuHe#HOCTH MBI HMeeM
(9= 3 de,= 3 ey 09

i, j=

310 ecTh KOOPAWHATHAS 3aMMCh CKAaJSIPHOTO NPOU3BEJEHHS.
Ha ckandproe mnpoussenesve (x, ¥) HaKJaAblBaeTcs eme
O/{HO OueHb BaxkHOe ycsoBue. Cka/spHBIA KBajJpaT BeKTOpa,
T. €. €ro CKaJsApHOE NPOU3BEJEHHE caMoro Ha cels, cud-
TaeTcsi KBaApaToM ero IJIMHBl U MOTOMY Bcerjga OOJIbIIe HJIH
paBHO HYJ/IO M ofpaiuiaercs B HyJab JHIb NpH X=0, TaK
4T0

(x, ¥)=0; ecau (x, x)=0, 10 Xx=0.
Iy Bekropa X 0603HayaloT yepe3 | x|, Tak 4To
| x[P=(x, x).
OkaspiBaetcs, UTO 3HAS TaK ONpENEJEHHYIO JJIMHY KaxKIOro
BeKTOpa MpocTpaHcTBa A”, MOMXKHO BBIYHCIHUTH CKAJAPHOE

NPOU3BEACHUE IBYX JMOOBIX BEKTOPOB 3TOro IMPOCTPAHCTBA.
B CUJly CHMMETPHUH H JIUHEHHOCTH Mbl HMeeM

(x+y, £+y)=(x x)+2(x, ¥)+(, ¥)
Takum o6Gpa3oM, mnosydaeMm
(%, ) =5 (x+y L=l xP—|yP). (20)

3nech cieBa CTOMT CKalsApHOe MpOuM3BeNeHue (X, ¥) IByX
NPOU3BOJIbHBIX BEKTOPOB NpocTpaHcTBa A", a cmpasa— aju-

44



Hbl TpeX pas/UYHBIX BEKTOPOB, KOTOPbHIE MO NPEANOJOKEHHIO
M3BECTHBI.
B) Cucrema BexkTOp

€1, 85, ceey § (21)

Ha3blBaeTCHA OpTOHOpMaJIbHOﬁ, €CJIM UMEET MEeCTO COOTHOLIeHUe

I, i=j; . '
(e, 8"):{0, isej; D A=heap @)

Takum oGpa3om, Kaxible JBa pas3jMuHbie BEKTOPA CHUCTEMBI
(21) opToronaibHbl MeXAy co00H, a AJMHA KaXKIOrO BEK-
topa (21) paBHa epuHuLe.

OpronopmasnbrHas cucrema (21) Bcerza JuHeHHO He3aBu-
cuMma. [lelicTBUTENbHO, €CIH HMEET MeCTO COOTHOLUEHHE

o8 +og,+ ... Fae,=0,

TO YMHOXAsi 3TO COOTHOLIEHHE CKaJfPHO Ha €;, MOJyYaeMm
a;=0. Takum obpasom, ecau p=n, To cucrema (21) ss-
7sieTCs OPTOHOPMaJIbHEIM 6a3HcoM

ey, &, ..., &, (23)

npoctpancTBa A"
B cayuae oproHopMmajibHOro 6asuca (23) ckaasipHoe npo-
n3senende (19) B koopaunatHOH opme 3amuceiBaercsi B BHAE

n
(£, 9)= X *'y'.
i=
Basuc (23), ynonersopsouyii ycjaosuio (22), uasbipaercs
OpPTOHOPMAJILHBIM NOTOMY, YTO Kakiple [Ba pa3JHYHBIX €ro
BEKTOPAa OPTOTOHAJbHEI MEXAy C06OH, OH HOPMMpPOBaH mo-
TOMY, YTO AJHMHA KaXKIOro BEKTOpa paBHA ejuHUIE.
C) Kaxnas siuHeiiHO HesaBHCUMasi CHCTEMa BEKTOPOB

Xiy Xy -9 Xp (24)
OJHO3HAYHO onpejaesfgeT OPTOHOPMaJbHYIO CUCTEMY BeKTOpOB
81,8, .-, 8y (25)

Ilponecc nepexoja oT eucrembl BekTOpoB (24) K cucreme
BekTopoB (2D) HasbiBaeTcs oproHopMupoBanueM. Onuiuem ero.

Tak xak cucteMa BeKTOpoB (24) JnuHefiHO He3aBHCHMA,
TO BeKTOp Xj==0 u, ciaenoBarenbHo, ero jnuHa |x,|s=0.
Mgl noJsiaraem

g, =1
EEA




Hanee, nonaraem

8= X;— (%5 1) &5
Msbl umeem X
(82:’ 81)=(xé’ 81)—(x§v )= 0.

Takum 06pa3oM, BEKTOpPH &; H €, OPTOTOHANBHBl MEXIY CO-
6oi#i. Ilpu sTom BekTOp €, 0, Tak Kak BEKTOPHl X; H X;
JIMHEHHO HEe3aBHCHMbI, a CJE€J0BATEJbHO, JHHEHHO HE3aBHCHU-
MBI BEKTOpDHI €; U &, Tenepbp HOPMHPYEM BekTOp &,. KmenHo,
MOJIOXKHM

,

€
By = —0
? |82|
Takum oGpas3om, mosyyaeMm
(g5, 25)=1.
[yctb &1,8; ...,8; yXKe MOCTPOEHBI TAK, YTO OHH COCTAB-

JISIOT OPTOHOpMaJ/IbHYI0 cucTeMy. IToctpoum BekTop €/, Ilo-
JIOXKHUM

=X i—(Xir1r &) 8 —(Xir1y &) 85— ... — (X1, 8)E.

Tlpexne Bcero BekTop €;; 7=0, Tak Kak U3 JUHEHHOH Hesa-

BHCHMOCTH BEKTOPOB Xy, Xj, ..., X;,1 CJAEAYeT JHHEHHAS He-
3aBHCHMOCTb BEKTOPOB

81,8 -5 81 Kisq:

’

YMHOXKAsi BEKTOP &;,, HA TNPOH3BONBHBIA BEKTOp &;, j<{i
foJyyaeMm -

4
(8i41, 87)=0.
Takum ob6paszoM, MOCTPOEHHEIHl BEKTOP €;,; OPTOTOHAJNEH KO
BCEM BeKTOpaM &j, &, ...,€&; U OTJIHYeH OT HyJsa. Hopmupys
BEKTOp €74, T. €. IlOJIaras
g4
& i= T
|8£+1|

MBI NOy4aeM BEKTOD &;.§. 1aKuM 00pas3oM, HHAYKTHBHOE
TIOCTpOEHHe OPTOHOPMHPOBAHHO!N cHCTeMbl (25) mpoBejeHo.
3aMeTHM, UTC Nepexof OT cucTeMwl (24) x cucreme (25) sis-
JIIeTCS HeNPepBIBHBIM. DTO 3HAYHT, YTO INPH HENpPEPHIBHOM
H3MEHEHHH CcHCTeMbl (24) cooTBeTcTByMOMIasi cucTeMa (25)
TaK»Ke MEeHSIeTCSl HelpephIBHO.

D) Kaxnoe BeKTOpHOe MOANPOCTPAHCTBO BP eBK/IHA0Ba
BEKTOPHOI'O NpocTpaHcTBa A" €aMO eCTeCTBEHHBIM 0GpasoM
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IBJIsieTCsl €BKJHIOBBIM BEKTOPHHIM NpPOCTPaHCTBOM. [leficTBu-
TeJbHO, KaXJas napa BeKTOpOB U3 BP siBiseTcs nmapoi Bek-
TopoB 3 A" W MOTOMYy AJs Hee ONpEJeJeHO CKaspHOe
npousBefieHne. Bektop 2 npocrpancTBa A”, OpTOroHaMbHBIM
KaxJOMy BeKTODY H3 MoAnpocTpaHcTsa BP, cunraercs opro-
roHajibHBIM KO BceMy npocrpaHctBy BP. O6osnaunm uepes C
COBOKYIHOCTh BCEX BEKTOPOB NpoCTpaHcTBa A”™, OpTOrOHaNb-
HBIX BEKTOpHOMY noanpoctpaucTBy BP. OxaswmiBaercsi, uto C
sIBJISIETCS BEKTOPHBIM NOANPOCTPAHCTBOM NpOCTpaHcTBa A”
pa3MepHOCTH ¢ =rn—p, NPUYEM BEKTOPHOEe NPOCTPaHCTBO A”
pacmajaercsi B NPSMYIO CYMMy CBOHX NOANPOCTPAHCTB BP u
C =C4. TlopnpoctpanctBo C9 HasbBaeTcsi OPTOrOHAJBHBIM
JIOTIOJIHEHHEM MOAIpocTpaHcTBa BP.

OkasbiBaeTcsi, 4TO NOANPOCTPaHCTBO BP sBjsieTcst opro-
roHaJIbHBIM AOTIOJNHEHUeM noxnpocTpanctea C4.

Jlnsi IOKa3aTesNbCTBA JAHHOTO YTBEpXKIEHHS BHIGEpeM B
eBKJIUJOBOM BEKTOPHOM INpOCTpaHCTBe BY OpTOHOPMAJbHBIH
6asnc

2,85, - s 8

JlanHy0 CHCTeMY BEKTOPOB JONOJHHM 0 MAaKCHMAaJbHOH JIH-
HeflHO He3aBHCHMOH CHCTEMBI BEKTOPAMH Xpii, - .-, &,
(cm. § 11 C)). Toraa Mbl NONYYHM MAKCHMAJbHYIO JHHEHHO
HEe3aBHCHMYIO CHCTEMY

v 31,85,...,8p,xp+i, .u-,xn.

Teneph NOJBEPTHEM STy CHCTeMy IipoliecCy OPTOHOPMHpPOBA-
nusi (cm. C)). Tlpu 3TOM mepBLie p BEKTOPOB &y, &, ..., &,
He M3MEHSTCS, a BEKTOPHl Xpii, Xpig ---» X, 3aMEHATCS
JpYTHMH BEKTOpaMH. BHOBb MOJIy4eHHYIO CHCTEMY 3amuileM

B BHJE
€1, 85, +. Sp, 8p+iv ey 8
TlocsefHAsA cucTeMa SIBJSETCS OPTOHOPMAaJbHEIM Gasucom

npocTpanctBa A", TaK YTO KaxIblH BEKTOP X NPOCTPaHCTBA
Ar zanpcriBaeTcs B BHJIE

D R T A TR

st Toro yToGBl BEKTOP X OblJ HOPMAJbHEIM KO BCEMY IpoO-
cTpaHcTBy BP, Heo6xonumo, 4ToObl OH bl HOPMAJbHEIM K
KaxuoMy BekTopy &;, i=1, ..., p. Takum oGpasom, HO/KHO
6LITL BBITNIOJIHEHO YCJIOBHE

(x, 8)=0; i=1,...,p
4T



W3 mocnennero ycJoBHSI BbITEKaer
xt=0, ..., x#=0.

Takum oGpa3om, BeKTOp &, HOPMAJBHEII KO Bcemy MPOCT-
paHcTBy BP, sanmuchiBaercs B BHIE

R=xPte,  + ... +x"¢,.

CoBOKYMHOCTh BCEX BEKTOPOB TaKOrO BHJA COCTaBJSET BEK-
TopHoe mnoxnpocrpanctBo CY mpoctpaHctBa A" pasmepHOCTH
g=n—p, KOTOPOe SIBJISI€TCS] OPTOTOHAJBHBIM JONOJHEHHEM
nognpocrpancrea Br. $lcHo, uro mopmpoctpancrso BP, B
CBOI0 Ouepefb, SBJsETCS OPTOTOHAJBHBIM JOMOJNHEHHEM MOJ-
npoctpaHncrea C4.

Jlagum reomeTpuyecKoe ONHCAHHE CKAaJSIPHOIO MpPOHM3Be-
JeMusi IBYX BeKTOPOB MpocTpaHcTBa A”.

E) Ilycts

X,y

— Ba JIMHEHHO HE3aBHCHMBIX BeKTOpa mpocTpaHcrea A",
CoBOKYMHOCTb BCEX BEKTOPOB

u=ox-+py,

rie o u —rnpousBosibHble AeHCTBUTE/NbHbIE YHC/IA, COCTAB-
JIfieT JIByMepHOe BEKTOpHOe MOANPOCTPaHCTBO A? BEKTO PHOro
npocrpanctea A" IlpoctpanctBo A? sABjsieTcs BEKTOPHBIM
JIBYMEpHbIM eBKJ/JIMIOBBIM MPOCTPAHCTBOM, WHAUYe TOBOPs, €BK -
JHIO0BOH MIOCKOCThIO. Takum 0o6pasoM, BEeKTOPEH X U § fB-
JISIOTCA JIMHEHHO He3aBUCHMBIMH BEKTOPaMH IJIOCKOCTH A2,
U SICHO, 4TO Takoe yroJ Mexny uHumu. O6osHauum ero ue-
pes ¢. OkasbiBaercs, 4yTO CKaJsIPHOE TPOU3BEAEHHE BEKTO-
POB X H ¥ BHIpaXKaeTCs B CJELYIOUWEM BHIE:

(x,9)=|x||y|cosq. (26)

Ilns nokasarennctBa (opmysibt (26) opToHOpMHPYeM mapy
BEKTOPOB X, ¥. MbI nosyuum jiBa BeKTOpa

&y, &3,

COCTaBJIAIIOUMX Gasyuc [ByMepHOrO e€BKJHAOBA MPOCTPAHCTBA
A2, Tlpu atom

x=|xle; y=|y|(eicos@-te;sing). 27)
Takum o6pasowm,

(%, 9)=( %2, |y]|(eicosp+e;sing)=|x]||y]|cose.

Takum oGpasoM, dopMyaa (26) AoKasana. B ciayyvae, eciu
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X U Yy JuHefIHO 3aBUCHMBI, TO CJEAYyeT CUUTAThb, 4TO YTLOJ @
MeXJAy HHMHM paBeH HyJio uau 7. Ilpu stom o6a OHHM Bbipa-
KAIOTCS uepe3 OJUH U TOT K€ BEeKTOp:

x=|x|e; y=c+L|y|e.
Torga Mbl HMeem

(x,y)=|*x||y]|cos0
HITH
(£, 9)=| x|y |cos .
Taxum o6pasom, dopmyna (26) umeer Mecto st JOGBIX [BYX
BEKTOPOB X U ¥ U3 A".
F) Ilyctb A®—eBK/IMI0BO BEKTOPHOE MPOCTPAHCTBO pas-
MEpHOCTH 3 H
81’ 82’ 83 (28)

— ero opToHopMasbHelil 6asuc. OnpefesuM BeKTOPHOE HPO-
u3BefeHue
‘ z=[x,y]
ABYX BEKTOPOB
X = x'e, 4 x%, | x°€,,
y=y'e. +y%, +ye;.
3anaaum KoopAuHaTel z', 22, 2° BekTOpa 2 B 0Gasuce (28) ¢
NOMOLIbIO (OpMYy T
Zl — x2y3 ___xsyz'
22=x3y1____x1y3’ (29)
23— xlyz __xzyl‘

'

MuBapuanTHOCTD 3TOrO OMpefiesieHUsl BeKTOPHOrO NpPOU3BEe-
HUS OTHOCHTENbHO BbiOOpa 6asuca (28) MbI pacCMOTpUM @3-
xe (cM. § 14). 3pech oTMETHM TOMBKO, YTO

[x,y]=—I[y, x]; [x, x]=0.

BbluCAMM BEKTOPHOE MNPOHM3BENEHHE 2, IM0Jb3yACh (Gopmy-
gamu (27). ks 3toro BhIGepeM OPTOHOPMAJIbHBEIA Ga3uc mpo-
cTpaHcTBa A® cnenuasbHbIM 00pa3soM —TaK, 4TOObl BEKTGPHI
X U Yy 3anuchlBajuch Npu nomowu dopmyn (27), u BbgHC-
JIUM BeKTODHOE NpOM3BEJEHHE Z, MOMb3YACh 3THMH QopMy-
aamd. M3 Hux u us dopmyn (29) BbiTexkaer:

=0, 22=0, 2’=|x]||y]sing,

rae @—yron Mexay Bektopamu x H y. Takum o6pasom,
BEKTOPHOE MPOU3BEJEHHE BEKTOPOB X H J OPTOFOHAJNBHO K
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HHM H €ro MOJyJ/b DaBeH NPOH3BEJeHHI0O MoAyJefi |x| u
|y | Ha mMopyap cuHyca, a HampaB/leHHE €ro ompelensercs
yrioM Q.

G) Orobpaxenne @ eBKAHJOBA BEKTOPHOrO MPOCTPAHCTBA

A" Ha eBKJIMIOBO BEKTOPHOE NPOCTPaHCTBO A" Ha3biBaercs
H30MOp(HEIM, ecnd OHO JuHeAHO (cM. § 11 QG)) u coxpanser
CKaJlspHOe NpPOH3BENEHHe, T. €. €CAM LJA JIOOhIX IBYX BeK-
TOPOB & H y u3 A" umeer Mecto cdopMyJsa

@ (%), 2()=(x9) (30)

3ameruM, yTo B cuay cdopmyasl (20) coxpaHeHHe CcKaJsap-
HOT'O NpOH3BeJeHHsI BHITEKAeT H3 COXPaHEHHS IJIMHBI BEKTO-
poB npH orobpaxeHuu ¢. VwmenHo, ecnu nasi mo6oro Bek-
TOpa X € A" HMeeT MeCTO COOTHOLIEHHE

lo(x)|=]x],

TO NPU OTOOPAKEHUH (p COXPAHSETCS U CKaJNSPHOe MPOU3BEJeHHe
(cm. (30)). Ilyerp @;—wusomopdHOe oTOGpaxkeHHe €BKJIHI0BA
BEKTOPHOTrO npocTpaHcTBa A" caMOro Ha ce6si, HenpephuiBHO
3aBHCsIIee OT Napamerpa f, MeHsiouierocst B npenenax 0<C
< t<{1, nmpuueM @, €CTb TOXIECTBEHHOe OToOpaxeHue A"
Ha ce6d, T.e. BEHIIOJNHEHO YCJIOBHE

P (x) = x.

Takum oGpasoM, orobpakeHHe @; IOJNYYaeTCsd H3 TOMKAECT-
BEHHOTO 0TOGpaKeHHUs NyTeM HeNpephLIBHOTO €ro H3MEHEHH$
HJIM, MHauye roBOps, NyTeM €ro HenpepulBHOH JedopMauyu.
H3somopdHoe oToOpazkeHHe €BKJHI0BAa BEKTODHOrO NPOCTPAH-
CTBa CaMOro Ha ce0s, KOTOpPOe MOJYYaeTCsl MyTeM HempepbiB-
HOH JedopMalUH TOMXKIECTBEHHOTO OTOOpakeHHus ¢,, Hasbl-
BaeTCsl BpAlleHHEM eBKJHI0Ba BEKTOPHOTO NpocTpaHCTBa A”.
Cnepyer oTMeTHTb, 4TO He BCAKOE H30MOpGhHOe OToGpaxe-
HHe €BKJIHI0Ba BEKTOPHOrO TPOCTPAaHCTBA CaMOro Ha cebs
MOXeT OLITh NOJYYeHO NMyTeM BpalleHus. D10 Gymer [oKa-
3aHo B § 14.

B eBK/MI0BOM BEKTOPHOM IPOCTPAHCTBE OMpeJesieHo pac-
cTosiHUE P (X, ¥) MeXIY KaxKIbIMH JBYMS €ro TOYKaMH X U
¥, WIH, 4TO TO Xe CaMmoe, MEXNY JIOOLIMH JBYMS BEKTOpaMu
C KOHLIAMH X H Y, BHIXOJALIMMH U3 Hauasa KoopauHaT. OHo 3a-
naercs Gopmysoh

p(x,¥)=|x—y]| (31)
60



§ 13. KsatepHuoHbI

KomnnexkcHble umcia WrpaloT B MaTEMaTHKE
OTPOMHYIO POJib. B CBfI3M C 3THM BO3HHKJIO 3KeJaHHE JATh
naJpHeldee o6oO0iieHue NeHCTBHUTENBHBIX uucesa. Ha stom
nyTH GbLTM MOCTPOEHbl KBATEPHHOHBI, POJIb KOTOPHIX B  Ma-
TeMaTHKe OKasalach He3HauHTeJNbHOH. KBaTepHHOHHI MOJY-
YalOTCSI B pe3yJIbTATe NPHCOSIUHEHHS K JIeACTBHUTEIbLHBIM
yuc/aIaM He OfHOH, a TpeX MHHMBIX €IUHHIl, KOTOphle 060-
3HAUYAIOTCS uepes

i,j,k, (32)
TaK YTO KaKIblfl KBaTEPHHOH ¥ 3aMMCHIBAeTCS B (opMe
x = x° -+ x' 4 x%j 4 x°k, (33)
rue
X0, xt, x2, x®

— JefiCTBHTE/IbHBIE YHCJIA, BJAIIHECS KOODPIHHATAMH KBa-
TepuuoHa x. Takum o6pasoM, COBOKyNHOCTb /¢ Bcex KBaTep-
HHOHOB IIPEJICTaBJIsIeT COOOH 4YeThipeXMepHoe BEKTOPHOE IMpo-
CTPaHCTBO ¢ 6asucoM

1,i,j,k

Ecnu cunrath 5T0T 6a3HG OPTOHOPMAJIBHBEIM, TO BEKTOPHOE
npocTpancTBo K* CTAaHOBHTCA €BKJMIOBLIM YEThIPEXMepHEIM
npoctpancteoM. CymMa KBaTepHHOHOB X H

y=y"+yi+ 9+ 9k

ompefienseTcss Kak CyMMa BeKTOpOB, T. €. 3ajaercs GopMmysiol
B y=20+ 1+ (¢ g i (2 7)o+ (5 + g k.

KBaTepHuOH X MpeBpamaerca B JIeHCTBHTEJIbHOE YHCJIO X°,
€C/M ero KOOpAMHATH x!', x?, x® paBHhl Hymo. TakuMm obpa-
30M, B MHOxkecTBe K* BCeX KBaTEPHHOHOB COJAEPIKHUTCS IeH -
cTBUTEJbHasA ochb D, cocrosimas M3 JNEACTBHTENBHBIX KBATEp-
HHOHOB. JeHCTBUTeNbHOE YHUCJO X° CUHTACTCH AEHCTBUTEJBbHOM
yacThio KBaTepHHOHA ¥ (33). Bce KBAaTepHMOHEH X, ]I KOTO-
puix x°==0, cunraorcs uHCTO MHHMBEIMH. OHH COCTaBJIsOT
TpexMepHoe moxnpocTpancTso I mpoctpanctsa K*. Ilpocrpan-

ctBa [ u D aBnsioTcsl B3auMHO OPTOrCHAJIbHBIMH JOIIOJTHEHH-
aMH. B COOTBETCTBHM C STHUM 3aMHILEM KBATCePHUOH X B BHJE

x=x"+x,
rie x= x4 x2j +x%k. Tlpu stom x° — meHCTBHTENbHAS 4aCTh
KBaTepHHOHA, a X—ero MHMMas 4acTb. TOUHO Tak mxe
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3anuiieM KBaTEPHHOH Y, TOJIOXKUB

y=4+y
rae
y=y'i+ i+ k.
KBaTepHHOH x, CONpsSIKEHHBIA K KBAaTeDHHOHY X, Onpe-
nensiercs: opMy.JIoH

~

X=x"—x.
Anaroriuio

y=y'—y.

[lepeiineM Tenepp K ONHCAHHIO TPaBHJ YMHOXEHHS KBa-
TEPHHOHOB. Byjem cuntaTh, UTO NPH NepeMHOXKEHHH KOOpAM-
HaTbl KBaTEPHHOHA, SIBJIAIOLINECS AeHCTBUTENLHBIMH YHCJIAMH,
[epecTaHOBOYHBIMH C MHHMBIMH eiuHHNaMu (32). [locse aroro
ocTaeTcsl 3ajaTh JHIIb NPaBHJa NEPeMHOXKEHHS MHHUMBIX ellu-
pui (32). Onu cyTth ciaenyomue:

P e, (34)
= jimk; jh=—hj=i;
hie—ik—]. (35)

HOJIbayﬂCb 3TUMH HpaBHJIaMPI, NepeEMHOKHM ClepBa 4YUCTO
MHMMBIE€ KBATEPHHOHBI X H Y. Mo umeem:
Xy =— (Y + 20+ x0y?) + (Y —x0y?) i+

+ Yy =2y 4 (CyE— 2y k.
benoMuHnas npasuJia CKaJIHpHOFO H BeKTOpHOl‘O nepeMHome-

nusi (oM. § 12 B), F)) BeKTODOB X M y TPEXMEPHOTO eBKJIM-
HoBa mpocTpaHcTBa /, MBI MOXeM nepenucaTtb 3Ty Qopmyny
B BHJE

i§==-(2, Y +I[x, 9] (36)

TToan3ysicek stoit popMymol, Npou3BeeHHe KBATEDHHOHOB X H
Y MOXHO 3alMcaTb B CJEAYIOUIEM BHE:

xy=x"y"—(x, §)+ 29+ y*x+[x, y]. 37)

BoinuiueM Tenepb NPOM3BeJeHHE KBAaTEPHHOHA X W Conps-
JKeHHOro KBaTepHHOHa x. Mbl HmeeM

= ()2 (7, §) = (x, 1) =]x]. (38)

TaxnM 00pasoM, NPOH3BENIEHHE XX €CTh CKAJAPHEI KBaapar
BeKTOpa X B eBKJMI0BOM npocrpanctse K. 3 atoro caenyer,
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YTO KaXKABli KBATEDHHOH X, OTJHYHBIH OT HYJIsl, UMeeT o6par-
HBIH KBaTepPHHOH X!, yIOBJETBOPAIOILUHA YCJHOBHIO xx~ ' =
= x"'x=1, npuuem

'

Xt (39)

Tonbaysice dopmysioft (37), BelMIUEM Terepb NPOU3Bese-
HHe KBaTEPHHUOHOB Y, x. Mbl HMeeM:
yr=xy"—(x, §)—xy—yx—[x, g].
W3 stoit dopmy.iel cieayer BaxkHas dopmy.ia
xXy=yx. (40)
Jokaxem Teneps, 4TO
leyl=[xlly|. (41)
HeictButenpHO, B cuny dopmynnt (38)
|xylP=xyxy=xyyx=x|yPFr=xx|yP=|x|y

"'Ha cdopmysnl (38) crenyer, uToO eciM MOAYJb KBATEDHHO-
Ha & paBeH 1, 10 ‘

el=e. (42)

CoBOKYNHOCTb BCeX KBAaTEeDHUOHOB, 0 MOAYJIO paBHBIX I,
obo3HauuM yepes H. Muoxectso H npeacrasnsier co6oit Tpex-
MepHyio cdepy B npoctpancTBe K* pamuyca 1 ¢ umentpom
B HyJe. :

3ameTuM, 4TO Kax<[bli KBATEPHHOH @, MO MOAYJIO paB-
ubifi 1, MOXeT ObITh 3anucaH B (opme

=cosa +} (sina) u, (43)

rfe o ecTb YroJ, YIOBJEeTBOPAIHA ycnoBuio |o|<x, a
4 —4YHCTO MHHUMBIA KBaTEPHHOH, IO MOAYJIO PaBHBIH eIUHHUILE,
¥ Hao6OpOT, Kaxabli KBaTePHHOH, 3anMcaHHbIi B popme (43),
HMeeT MOAYyJb, PaBHHIA eJUHHLE.

Hokaxem dopmyny (43). Tak kak mpocrpauctso K* pac-
majaercsl B MpsIMyI0 CyMMY CBOUX mopnpoctpaucts D u [, to

a=§+nuo
rae &, 1| — AeHCTBUTE/IbHBIE YHC/A, a4 U —YHCTO MHHUMBIH KBa-
TEePHHOH, IO MOJYJIO paBHbIﬁ eJHuHHULEe. Jlanee,

1 =|a|2_—_a5:(§+'qu) (E——Tlu):gz__'rfug: §g+n2.



CrnepoBatenbHo, §2+ 12 =1 u HalifeTca Tako yrona, |a| << x,
uto §=cosa, n=sina. Takum obGpasom, ¢opmyna (43) mo-:
KasaHa.

Tak Kak KBAaTePHHOHEI CKJAJBbIBAIOTCA KakK BEKTOPHI, TO

MBI HMEEM
[x+yl<[x]+]y]. (44)

OkasbiBaeTcsi, 4TO ONEPAlHH CJOKEHHS H YMHOMKEHHS,
HMEIOLIMECs /11 KBaTeDHHOHOB, HenmpephiBHE. MMenHo, ecin
KBaTEPHHOH x' Majo OTJMYaeTCss OT KBAaTEPHHOHA X, a KBa-
TePHHOH y' Mano OTIHYAETCH OT KBATEDHHOHA Y, TO KBaTep-
HHOH X' 4y’ Maso OTJHYaeTcsi OT KBaTePHHOHA X -+ Y, a KBa-
TEpPHHOH X'y’ Majo OT/IHYAeTCs OT KBATEPHHOHA XY.

Hoxkaxem 310. MBI HMeeM:

" +y)—Gx+y)="—x)+ U —y).

Tak Kak M0 MPeANONOoXKeHHI0 x'—Xx U Yy — y-—Majbie KBa-
TEPHHOHBI, TO B cuay QopmyJbl (44) kBaTepHHOH (¢ -+ y')—
— (x+y) man.

[NepefineM K yMHOXKeHHIO. Mbl nMeeM

Xy —xy=x'y —x'y+x'y—xy=x"(y'—y) + ' —x) y.
Tak KaK y —y H x'—x—Majble KBaTEDHHOHBI, TO B CHJIY

dopmyasr (41) kBatepHHOHB X' (y'—y) M (X' —x)y Manbl.
A B cuny ¢opmyansl (44) Ux cymMa Toxke MaJa.

§ 14. I'eomeTpHyeckue
fIpUMEHEHHs] KBaTEPHHOHOB

B npempinymem mnaparpage Mbl IOCTPOHJIH CO-
BOKYMHOCTH K*KBaTePHHOHOB, NIPEACTABISIOLLYIO OG0 eBKJIH-
JIOBO BEKTODHOE MNPOCTPAHCTBO pA3MEPHOCTH UeThipe. Bbiio
YCTaHOBJIEHO, YTO IPOCTPAHCTBO 3TO paclafaeTcs B NPIMYIO
CyMMy JeHCTBHUTeNbHEIX KBAaTePHHOHOB D M YHCTO MHHMBIX
KBATEPHHOHOB /, NpHueM JHHeHHble NoAnpocrpanctea D u [
BEKTOPHOr0 NpocTpaHcTBa K* ABJSIOTCS B3aHMHO OPTOTOHA/b-
HEIMH JIOTIOTHEHHSIMH.

B nmpocrpanctee K* Oblio BblesnieHO MHOXecTBO /[ KBa-
TEPHHOHOB, MO MOJIYJIO PaBHBIX €JHHHIE H NPEICTaBISIOLIES
coGofi TpexMmepHylo cthepy paauyca 1 ¢ meHTpoM B Hauase
KOOpJHHAT.

A) KaxnoMy KBaTepHHOHY a u3 H mocTaBuM B COOTBeT-
CTBHe oTOGpa’keHHe f, €BKJHJOBA BeKTOPHOrO MPOCTPAHCTBA
K* na ce6s, 3anaBaemMoe (GopMyJIoit

fo (x)=axa=*. (45)
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OkasbiBaeTcsl, 4To OTOOpaxKeHHe f, BCeX KBaTePHHOHOB Ha
ce6s ABJseTCsT U30MOPPU3MOM, T. €. COXPaHsSeT olepaunuH,
UMelomyecsi B MHOXKecTBe KpaTepHUOHOB K*. VmeHHO, BhimoJ-
HAIOTCA COOTHOILEHHS

fa (x+ y)=fa (x)+fa (y)’
fa(xy)::fa (X) fa (y)

Jlerko mpoBepsieTcs, YTO NpPH NOCJENOBaTeNbHOM NpPHMEHEHHH
IBYX OTOOpaeHHH f, W [, MMeeT MECTO COOTHOLIEHHE

fafb':fab'

Hanee, okaskiBaeTcs, YTO JHHeHHOe oTOoOpaxKeHHe f, eBKJH-
J0BA BEKTOPHOTO mpocTpaHcTBa K* sBisiercs BpaleHHeM (CM.
§ 12 G)). Kpome Toro, ortobpaxkeHue f, nepeBOAHT JHHEH-
Hble BEKTOpHBle moxmpoctpanctBa D u I kaxjoe caMo B ceBsl.

Hoxaxem npeanoxenune A). Ilpexxme Bcero moxkaxem
cootHouenue (46). DT0 10KA3aTENIBCTBO OCYIIECTBISAETCS aBTO-
Mmatudeckd. VIMeHHO, MBI HMeeM

fale+p)=ar+y)a~ =asa~ +aga™ =f, (9 +fa(0)
Hauee,
fo(xy) = axya='=axa~'aya™" = f, (x) f, (9)-

JlokaxeM Tenepb, 4TO NPH OTOOPAXKEHHHU f, AJIHHA BeKTOpa X
coxpausiercsi. [l 3TOro 3aMeTHM Mpexje BCEro, 4To

(46)

axa-*=a-‘xa=axa"*

(cM. dopmyJsr (40) u (42)).
B cuny gopmysnsl (38) AnvHA BeKTOpa axa~! onpenessercs
tdopmy.Jioft

[axa~! = axa~taxa™* = axa~laxa~'=axxa~'= [x[2

Kak 6s110 nokasano B § 12 3 toro, 4to JMHA KaxKIOro
BEeKTOpa COXpaHsdeTcsi NpH orobpaxeHHH f,, clegyer, uTo
CKaJIsIpHOE TIPOHM3BEJEHHE, HMEIOIIEeC B eBKJIHIOBOM BEKTOp-
HoM mpocTpaHcTBe K*, TakKe coXpaHsercs NPH OToGpaxe-
nuu f,. Takum obpasom, oToGpaxeHue f, ABAAETCA H30MOPPD-
HBIM OTOGpa’KEHHEM TPEXMEpHOro BEKTOPHOT'O IpPOCTpaHCTBa
I na cebs.

Hanee, Mbl uMeeMm, npH x u3 D

axa ‘=xa0"'=x.

Takum obpasoMm, f,(¥)=x, T.e. f, ecTb TOXHeCTBeHHOE
,OTOOpaeHue D camoro Ha ce6a. Tak kKak OpTOroHasbHOCTh
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npu oTobpaxkeHHH [, coXpaHsieTcsi, TO OPTOroHaJibHOe OO~
Henue I x D Ttakxe nepexoiuT camo B cebs.

JlokaxeM Temepb, 4TO oTOGpa)keHHe [, ABJSETCA Bpalle-
HHMEM eBKJ/HJ0Ba BeKTOpHoro npocrpaHctsa K¢ B cuay ¢op-
MyJbl (43)

a=cosa -} (sina)u.

Tlonarasa a(f)=cosat 4 (sinaf)u, nojaydaeM KBaTepHHOH
a(t), no MOAyMO paBHBIH eNNHHLE, KOTOPHIH NMPH HM3MEHEHHH
t or 0 no 1 nenpepniBHO MeHsiercs oT 1 1o a. Takum o6pa-
30M, oTOGpakeHHe [, ;, OCYLIECTBJ/ISIET HeNpPEPHIBHEIA Mepexos
TOXKIECTBEHHOTO OTOOpaxKeHHd f; B oToGpakeHue f, u, cie-
JIOBaTeNbHO, f, €CTh BpallleHHe eBKJMJOBA BEKTOPHOTO Mpo-
crpanctBa K°. :

B) Ilycts u, v—opTOHOpManbHasi mMapa BeKTOPOB H3 /.
PaccmaTtpuBasi HX Kak KBaTEPHHOHbI, COCTaBHM MpPOU3BEJEHHE

w=uv.
OkasbiBaercsl, 4TO A5l KBaTEPHHOHOB

u,v, w (47)
BBHINOJIHEHBI TE€ XK€ COOTHOILEHHS, YTO H AJS NepBOHaYa/bHO

B3fTHIX MHHMBIX eIHHHIl KBaTepHHOHOB (32). MMenHo, umelor
MECTO COOTHOLLEHHS

W= =w?=—1, (48)
Hauee,
Uy = — Vil = W;
= — wu=u; (49)
WU =— uw="

(cp. ¢ (34), (35)). HMoxaxem cooTHoweHnus (48) u (49); cae-
nys Gopmyiae (36), Mbl umeeMm

uu=—(u, u)+[u, u]=—1.
TouHo Tak xe
w=— (v, v)+[v, v]=—1.
B cuay Toit ke gopmy.nl (36) umeem
w=[u, v]=—1[v, u]l=—ou.
TaruMm o6pa3oM, KBaTepHHOH W = uv onpesensiercs B Tpex-

MEepHOM eBKJIMAOBOM npocTpaHcTBe /| KaK BeKTOPHOE Npou3-
BeJileHHe BEKTOpPOB u, U, a moToMy npHHaanexut /. Ilpu stom
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T aKXKe MMEET MECTO COOTHOILEHHE
U= — U= w.

. Hh
Takum ob6pasoM, nepsoe cooTHoumenue (49) nokasano. ,HaJlee
nMeeM

(uv)?= uv uv = — uuv-v=—1,

TaK 4yTO TIOCJelHee H3 CoOoTHoleHUH (48) Toxe JoKasaHo.
JokaxkeM Tenepb nocjeiHHe ABA U3 COOTHOWeEHHH (49). Mbt
nMeeM

VW = YUY = — VU =

wu = uvyu = — vy’ =u.
Hrak, Bce cooTHoweHus (49) KokasaHbl.

C) Myctb 4, v—nNpoHM3BoJbHASA OPTOHOPMANbHAsi MNapa
nz 1. [lpousBesenye KBaTEPHHOHOB #, U 0003HAYMM uyepe3 w,
T. €. TOJNOXHM W= uv.

Tlnockocts u3 I ¢ 6asucoMm v, w ob6o3HauuMm uepes P. Ilo-
JIOXHUM a=cosa-+sina - 4, | a|<< 7 (cm. (43)). OxasbiBaercs
Torja, 4to BpaileHue f, (cM. (4D)) mpocrtpancTsa / ecTh Bpa-
lteHHe BOKPYT OCH 4, NMpPH KOTOPOM mJjockocTb P Bpauiaercs
B HanpaBJieHHH OT BEKTOpa U K BEKTOpY @ Ha yroa 2a. [lpu
9TOM yToJ o MOXeET ObiTb M OTPHLATENbHBIM; B 3TOM cJydae
BpallieH}e NPOUCXOAUT B NPOTHBOMNOJIOXKHYIO CTOPOHY.

Joxaxem yrBepxzaenue C). BpiumciuM KBaTepHHOHBI

fa(u)=aua™,
fo (V) =ava™?,
fo. (@)= awa~*.
Tak kak KBaTeDHHOH @ PaBeH coSa - sina - u, TO OH nepecTa-
HOBOYEH C U, CJELOBaTeJbHO, Mbl HMeeM:
f.()=aua='=u0a=*=u.
Jlanee, nmeem:
fo(@)=(cosa+sina - u)v (cosa—sina - u) =
=(cosa+sina - u)(cosa+sina - 4)v=
= (cos 2a + sin2a - u)v=:cos2a - v sin2a - w.

JHanee,

fo (@)= (cosa+sina - u)w(cosa—sina - u):
=(cosa—+sina - u)(cosa-}sine - u)w=
= (cos2a +sin2a - u) w =cos2a - w — sin2a . v.
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. U3 nocnepHux ABYX COOTHOIIEHHH clefyeT, yTo mpeoGpa-
soBaHMe [, OCYLIECTBJIsieT BpauleHHe MIOCKOCTH P B Hanpaa-
JIEHHH OT BEKTOpa U K BEKTOPY @ Ha yroa 2a.

D) Ilyctb x, y—nBa KBaTepHHOHA U3 [, IO MOAYJIO paB-
Hble eJIHHHULE. CymeCTByeT TOrga BpailieHHe f, Takoe, 4TO

fa(x)=

Takum oGpasom, cymecTByeT BpaleHHe npocTpaHcTsa /, mpH
KOTOPOM BEKTOp X MepeXOIHUT B BEKTOp Y, H KOTOpOe 3a-
Jaetcst B Bufie f,. IlpH aToM ecam x M y MaJjo OTJIHYAWTCA
Ipyr oT Apyra, To YroJ o MaJ, U NMOTOMY KBaTepHHOH @
O/MIH30K K elnuHHIE.

Has nokasatenbcTBa mnpepnoxeHusa D) npoeenem uepes
BEKTOPBl X H Y TJIOCKOCTh P; M NMyCTh 4 —KBaTEPHHOH, T. €.
BeKTOp U3 /, opToroHampHblli K P M 1o MOAYMO paBHBIH
equnuie. B P BpibepeM NpOH3BOJIBHBIH BeKkTOp v, |v|=1.
Torpa u, v o6pasyioT opToHOpMasbHYy0 napy B /. Tonaras

W = uv,

MBI [IOJIyYHUM OPTOHOpMaJsbHHIE 6asuc (47) npocrpanctsa /,
npuYeM OpTOHOpPMAJbHAs Napa v, w CoCTaBiasfeT GasuC MJIo-
cKocTH P, B KoTopo#i Jnexar BekTopol x¥ H y. OuesujHo,
CyIeCTBYeT TakoH yroa ¢, 4T0 MOBOPOT Ha yroa 2« B Ha-
NpaBJIeHUH OT ¥ K @ OyJeT NepeBOAHTb BEKTOP X B BEKTOP Y,
IpH 3TOM o MOXeT ObITh H oTpHuaTenbHEIM. Ho ecnu npu
9TOM X H Yy Majo OTJIHYalTCs APYr OT JAPYra, To yroa o
6yzer man. Takum oGpasom, mpexmoxkenue D) nokasamo.
E) CymecrByer Takoe Bpauenue f, (cMm. A)), uro

fe@)=u, [.(N=v, [.(k)=w,

rZe #, U, W—KBAaTePHHOHHI, NOCTpoeHHbie B B). Ilpu srom,
€clM OpTOHOpMaJbHast cHcreMma i, j, & (32) Gnuska K opro-
HOpMaZNbHOH cHCTeMe 4, U, W (47) TO KBaTepHHOH ¢ GJIH30K
K eQMHHIle, H CJlefoBaTeJbHO, BpameHue f, Maso.

Hokaxem mnpennoxenne E). B cuay npexsoxenns D)
CYILECTBYeT BpalleHHe f,, NepeBoisuiee KBATePHHOH [ B KBa-
TEPHHOH U, T. €.

f a (i)z u.

Tlpu atom, ecsin opTOHOpMAaJIbHBEIE cHcTeMsI (32) B (47) 63Ky,
TO KBaTepHHOH @ Onu3oK K exuuuue. Ilycte P -—nJsockocTs
C OpTOHOpPMaJIbHEIM GasucoM j, k u

P ,=fa (P )’
TOrJa MJocKocth P’ copepxut kpaTepHHOHH! [, (f), f,(k), v,
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w. Tenephb cymecTByeT Takoe BpameHue f,, b=sinf+cospP - u
BOKPYT OCH u, NpPH KOTOPOM KBaTepHHOH f,(j) nepexoaut
B KBAaTEpPHHOH U; NPH 3TOM, €CJH OPTOHOPMAJIbHble CHCTEMbI
(32) u (47) GnuskH Mexay coGoil, To KBaTepHHOH b GJH30K
K eJMHHIE.

Takum o6pa3oMm, MBI HMeeM

fo (o (1)) =v.

[MosnoxuB ¢= ba, noayuum

fc(i)':u: fc(j)’:U'

Haunee,
fc(k)=fc (ll)=fc(l) fc (j)=uv=w,

[pH 3TOM, €C/IH OPTOHOpMaJbHble cucTeMbl (32) u (47) 6auskn
ApPYyT K JAPYTY, TO KBaTePHHOHBl @ M b OGJU3KH K eJHHHLE,
a cJefioBaTeabHO, OJIM30K K €JHHHIE H KBaTePHHOH C.

F) Iycts

Ugy Ugy Wy;  Ug, Uy, Wy

— JIBe OPTOHOPMaJibHble TPOUKH B IPOCTPAHCTBE [, Maso OTJIH-
yalomyecss Apyr ot apyra. Torja cyuiecTByeT Takoe Bparie-
HHE [,, TJle c—KBaTepPHHOH, GJIM3KHH K eJHHILE, IPH KOTOPOM

fc (u0)=u11 fc (UD)__‘UD fc (w0)=wi° (50)

Hokaxem yrBepxjenue F). Tak Kak KBaTepHUOH wg= v,
OPTOTOHaJIEeH K KBaTeDHHOHAM U,, U,, TO MBI HMEeM

Wy=¢w,, Tie gy==1.

[Tocko/IbKy KBaTE€PHHOH W, ==u;U; OPTOrOHAJeH K KBaTep-
HHOHaM U, U;, TO MBI HMEeM w;=&,wj, I'le & =+ 1.

Tak Kak KBaTepHHOHHbBIE NAPHl U, Vy; Uy, U; OIH3KH MEXKIY
co60#, TO WX MPOU3BENEHHSA Wy U W; TaKKe GAU3KU. A U3 6/u-
30CTH KBAaTEDHHOHOB W, W W; BBITEKAeT, UYTO g,=¢,=¢g,
roe e=-+ 1.

KBaTepHHOHHBIE TPOHKU

Ugy Uy, €Wy R Uy, U4, EW,

6M3KMe MeXay co00H, COCTaBJSAIOT OPTOHOPMAaJIbHBIE CHCTEMBI
B I, KOTOpBIE MOT'YT CAY2KHUTb MHUMBIMH €AHHHLAMH CHCTeMbI K4
(cM. B)). TlosTomy B cuay npeanoxenus E) cymecrsyer Bpa-
uieHue f,, TA€ C—KBaTE€DHHOH, OJM3KMH K eJuHMUE, MpH
KOTOPOM

fc (uo) = Ui, fc (vg) =5, fc (ew,) = ew;.
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Takum o6pasom, cooTHourenus (50) UMeOT MecTo. ¥ TBEpK-
nenue F) nokasaHo.

Teopema 1. Bcaxkoe spawjenue g 6eKmopHO20 npoEHi:
pancmea | 6cex uuCmo MHUMbLX KEAMEPHIOKO8 MOdcem Obiris
3anucano 8 8ude

g ()=, (x)=axa™?,

20e a— HeKOMOpbIL K8amepHUor, no MO0y pasHbll edunLye.
Ecau 0sa ksamepuuona a u b pastol no modyao eduruye,
mo epawenus f, u f, cosnadawm moeda u moavko moeda,
koeda a u b aubo cosnadarom, AuGO OMAUHAIOMCA 3HAKOM,
mo ecmo

b= +a.

HJokasatenbcTBo. Tak Kak g ecTb BpauieHue, TO
OHO IIOJIyYyaeTcs B pe3yJ/bTaTe HENPEPBIBHOTO Iepexoia ¢
OT TOXKJIECTBEHHOr0 OTOOpaxKeHHUS ¢, K BPAIUEHHIO @, = g
(em. § 12 G)). 3pecy 0Tt <1, a @, ecTb BpaleHue, Henpe-
pHIBHO 3aBHCslIee oT nmapamerpa !. Pasobbem oTpesok [0, 1]
Ha n PaBHBIX yYacTed IJMHBI O, mpuyeM 6—HACTOJILKO MaJsoe
YHCJIO, YTO BPAIUEHUA (Pps U Qrpiqy s MANO OTJIHYAIOTCA APYT
oT Apyra. DTO 3HAYMT, YTO JJs JIOGOr0 BEKTOpA X IJIHHBI
efnHUIA U3 | KBAaTEPHHOHBI Qps(X) U @4y, 6 (¥) OH3KU APYT
K Jpyry.

[lyers i, j, k—xBaTepHuoHHBIe eAuHHUBI u3 [ (32).
Torza, Tak Kak OPTOHOPMaJbHEIE TPOHKH

®ps (D) @ps (1), Pps (R);
P 6 () Ppoins(i)y P s (k)

6/u3KH Mexny coboft, To B cuny F) cymecrByer Takoi kBa-
TEPHHOH C,, OMUSKHI K e1MHHUIle, YTO BpalleHHe fc,, nepeBOAUT

nepByl0 HS 3THX Tpoek Bo BTopyio (cM. F)). Takum o6Gpasom,
NoC/IeloBaTeIbHOe  NPHMeHeHHe Bpamenudt fo, f., ..., f.,

nepeBefeT OPTOHOPMAJIbHYIO TPOHKY i, j, & B OPTOHOpPMAJib-
HYIO TPOHKY

g, g@) g(k).

Takum o6pasom, BpaieHHe g GyAeT MOJNYYEHO Kak MocJe-
joBaTe/IbHOE NpHMEHeHWe BpauieHwd f., ..., f, , Tak uyro

MCKOMBIA KBaTepHHUOH & 3ajaeTca (GopmyJoH
A=CC,_i ... Cy.

Tem cambiv MepBasi 4acTb TEOPEMbI AOKa3aHa.
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Jlokaxem Tenepb, YTO BpamleHus f, W f, cOBmagaior Torxa
W TOJBKO TOIJA, Koraa a= 4 b. Ecau nocnennee pasencrso
WMeeT MecTo, TO OYeBHJHO, YTO BpaileHus f, u f, cosnagaior.
Hokaxem obGpaTHoe yTBepxieHHe. PaccMoTpuM Bpaiuenue
fe=fa-1f,. Toraa c=a=h. Ecnu Bpamenus f, u f, coBna-
JaloT, TO BpalleHHe f, ABJAETCS TOXAECTBEHHbIM. [lycTh

c=cosa+sina-u, |a|<a

(em. D). Torma B cuny npennoxenuss B) pamenue f,
ABJIsieTCsl BpallleHheM BOKPYr ocH u Ha yrox 2a. Takoe Bpa-
IeHHe fBJISETCH TOXKJECTBEHHBIM JIHLIb IPH YCJIOBHH, KOTAa
20.=2gmn, T. e. a=gqmn. B aroM cayyae ¢= 4+ 1, u caenosa-
TeapHO, a= =4 b. HMrak, Tteopema 1 mnosHoCTBIO HOKa3aHa.

3afiMeMmcsl Tenepb BpalleHHEM YeTHIPEXMEPHOrO €BKJIHIOBA
BEKTOpPHOro npocTpancTBa K*, cocrosulero u3 Bcex KBarep-
HHOHOB. ,

G) KaxJo# nape KBaTepHHOHOB a, b€ H, mo mMoxymo pas-
HHIX €IMHHIIE, TIOCTABHM B COOTBETCTBHE OTOGpaxKeHHe

fa, s (X)=axb™?,

rle X—NpOU3BOJBHBIA BeKTOp H3 K%, T. e. NPOHM3BOJBHBIHA
kBarepHHoH. OkaspiBaeTcsi, 4TO f, , €CTb BpallleHHe eBKJH-
JoBa BEKTOPHOTO IpocTpaHcTBa K*. .

Jna pokasaTenncTBa 3TOTO  JOKaXkeM, 4YTO OTOGpaxe-
HHe f, , HE MeHseT JMHbI BEeKTOpa, T. €. MOAYJs KBaTep-
Huona x. B cuny dopmysst (41) Mbl HMeem

|axb=|=|a||x||6= |=| x|

Takum o6pa3oMm, MOLY/NM KBAaTePHHOHOB X H f, ,(x) paBHBI
MeXAy coGoil H, clefoBaTesbHO, B cuny gopmyast (20) f, ,
ecTb H30MOp(pHOEe 0TOOpaKeHHEe eBKJHIAOBA BEKTOPHOTO MPOCT-
panctBa K* camoro Ha cebs.

HoxaxeM Tenepb, 4To H30MOpdHOE OTOGpaxkenue f, ,
eBKJINZI0BA BEKTOPHOro mpocrpanctBa K* spisercst spauie-
HHEeM, T. €. IOJIyYaeTcsi B pe3yJ/bTaTe HENPEPLIBHONO mepe-
xoma @ O0<CTf<C1, TOXAecTBeHHOro oTOGpaxeHHsT @, B
oToGpaxkeHHe @, =@, ,. Il 3TOro 3anuuieM KBaTepHHOHHI
a u b B dopMe D):

a=cosa-sina - u,
b=cosf+sinp-v.

Tonoxum panee
a(t)y=cosat4sinat - u,
b(t)=cost 4 sinpt - v,
61



Kearepuuonsl a(f) u b(f) HenmpepeHIBHO 3aBHCAT OT mnapa-
merpa ¢ W 1O MOAYJIO paBHbl eAuHHNe. TakuM oGpasom,
OTOOpakeHHe [, (1), p (1 €CTh H30MOP(HHOE OTOOpaKeHHE eBKJIH-
N0Ba BEKTOPHOro mpocTpanctea K* camoro Ha ceGsi, Henpe-
PBIBHO 3aBHCslllee OT ! W TNepeBOAsdLIee TOXIECTBEHHOE
oro6paxenue B orobpaxeHnue f, ,. Takum obpasom, f,, , ecTb
BpalleHye eBKJIHAOBA BEKTOPHOro mpocTpaHcra K*.

Teopewma 2. Kaxdoe spawjerue g esxaudosa 6exmopHozo
npocmpancmea K* 3a0aemcs ¢opmyaots

g(x)=Ta,p(x)=axb™? (51)

(em. G)). ITpu smom epawenus f,, , U for, s cosnadarom moeda
u moavko moeda, koecda keamepruonst a’ u b’ cosnadatom ¢
KeamepHuosamu a u b uiu 00HOBpeMEHHO OMAUYAIOMCS Om
HUX 3HAKOM.

JdokasareabctBo. Ilycth

e=g(l). (52)
3pech &€ —KBaTePHHOH, 10 MOAYJIO paBHBIN enunuue. Hapsny
C BpaleHHeM g pacCMOTPUM oOToOpakeHue, OnpelensemMoe
dopmy ot

g =elg. (53)

Jlerko npoBepuTh, YTO OTOGpaxkeHHe g’ SIBJSETCS BpalleHHeM
eBKJIMJIOBA BEKTOpHOro mpocrpaHcTBa K¢, Tak Kak KBaTep-
HHUOH & MOXeT ObITb MOJy4eH H3 €JUHHYHOIO KBaTepPHHOHA
B pesy/bTaTe HeNMpephHBHOro usMeHeHus & (f), rae |e(f)|=1,
H NepeBOJMT eJUHUIY B KBaTepHHOH &. Kpome Toro, ymso-
JKeHHMe BCeX KBaTepHHOHOB M3 K* Ha KBaTepHHOH ¢€(f), o
MOJIyJ/IIO paBHBIH equHMHIe, ABIsAeTCS H30MOpGhHLIM oTOGpaKke-
HHeM eBKJ/IMJOBa BeKTOpHOro ImpocrpaHctBa K* camoro Ha
ce6s (cM. F)). Hrak, g" ecTb BpaieHHe €BKJMIOBA BEKTOp-
Horo mpocrpanctea K*. M3 coornomenu#i (52), (53) cuenyer,
YTO BCS AEHCTBUTeNbHAsS ocb D B €BKJHJIOBOM BEKTOPHOM
npocrpaHcTBe K* npu otoGpaxkeH#u g’ oToGpaxkaercs TOX-
JeCTBEHHO caMa Ha ce6s. A Tak Kak g’ ecTb u3oMopdroe
oTo0pakeHue eBKJHAOBA BEKTOPHOrO IpocTpaHcTBa K* Ha
cebst, TO OpTOroHaJibHOe JjofnosHeHHe K D, a wumenno I,
orofpaxaeTcsi mpu nomouu g’ camo Ha cebs. Takum obpa-
30M, g’ sIBNAeTCA BpallleHHeM €BKJHAOBA BEKTOPHOTO MPOCT-
panctea /.

CnenoBaTesnibHO, B CHAIy TeopeMbl 1 OHO MoOXKeT G6HITDH
3amucaHo B BHIE

g (x)=cxc™%,
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Orciona ciexyer, 4T0 0TOGpaXKeHHe g 3AIMCHIBACTCS B BHJE

_ g (x)=¢ecxc™. (54)
IMosaras, uro
e&c=a, c=2",

Mbl BHAHM, 4To ¢opmyna (51) BepHa, M nepBas 4YacTh TeO-
peMbl 2 NOKasaHa.

IlepefiieM K 10KasaTesJbCTBY BTOPOH ee YacTH.

Tak Kak KBaTepHHOH & OJHO3HAYHO OINpefessieTcst OToSpa-
JKEHHEM g, TO M3 COBNAJEHMA ABYX BpallleHHH g, U g, eBKJH-
JOBa BeKTOpHOro mpocTpaHcrtBa K* camoro Ha cefs cienyer
H COBNAJieHHe COOTBETCTBYIOUMX HM OTOOpaxkeHHWH g; U gi.

CrenoBatesibHO, B cHly ¢opmysasl (54) KBaTEpHHOHHI (;
M C,, COOTBETCTBYIOLINE OTOOparKeHUsIM g; U g,, Mo Teopeme 1
MOT'YT OTJIMYATbhCA JIMIIL 3HAKOM.

Orcioza crenyer, uTo orobpaxkeHHst f, , H fg, 5 MOTYT
COBMajaTh TOTJA U TOJbKO TOrZA, KOTJa KBaTEpHHOHH a, b
COBIAJAOT C KBaTePHHOHaMH a’, b ujau o6a OTIMYAIOTCH OT
HUX OJHHM W TeM XK€ 3HAKOM.

Hrak, Teopema 2 pnoxasaHa.

[TokaxkeM Temepb, UTO He BCSIKOE H30MOpdHOe oToGparke-
HHME €BKJHJIOBA BEKTOPHOro npoctpaHcTBa / camoro Ha ceGs
MOJKeT GEITh MOoJydeHo KaK BpalleHHe.

H) Ksarepuuonuble egusuus i, j, k, Jexauiye B /, npen-
CTaBJSI0T cO60H OPTOHOPMAJIbHYIO CHCTeMY, KOTOpas MOXKET
cayxuTh 6asucoM mpoctpanctBa /. TeMm ke cBoficTBoM 06.ia-
JaloT KBaTepHHOHH I, j, —k. CymecTByeT nosTomy H3oMmopg-
Hoe oTo6pakeHHe [ TpPeXMepPHOTO eBKJHIOBA BEKTOPHOIO
npocrpanctea /, NpH KOTOPOM

Oro6paxkenue [ He MoxkeT GbITh 3amucano GopmyJof
f == f a

(cMm. (45)). HeficTBUTeBHO, ecln Obl 5TO PABEHCTBO HMeEJNO
MeCTO, TO MBI HMeJH OBl

]ca(i)zi’ fa(j)=jr fa(k)z_k‘
Ho 5t0 HeBo3MoxKHO. JleHCTBHTENBHO,
fa(k)=fa(ij)=fa(i)fa(j)=ij=k'

Hrak, He Bcsikoe H30MOpGHOe OTOGpaXKEeHWE EBKJHJI0Ba
BEKTOpPHOro npoctpaHcTBa / Ha ce6s1 MOXKeT GHITH NOJIyYeHO
Kak oTo0paikeHHe f,, a MEXLy TeM B cujy Teopemsl 1 moGoe
BpalleHHe npocTpaHcTBa / MoXKeT OHITH 3amucaHo B gopMe f,.
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Takum ob6pasom, He BcsIKoe u3oMopdhHOoe oTobpakenue f
€BKJIHJI0BA BEKTOpPHOro mpoctpactBa / Ha cels sBjsercs
BpaleHHeM.

Jloxaxem Tenepb WHBApUAHTHOCTb ONpEJENEHUS BEKTOpP-
HOTO Tpou3BeleHHs [x, y] ABYX BeKTOpoB X, y u3 I, Kotopoe
JaHo OblIo B KOOPAMHATHOH (hopMe MPH MOMOILH OPTOHOP-
majbHoro Gasuca, i, j, k& (cm. § 12, F)).

B eBKJIHIOBOM BEKTOpHOM npocTpaHcTBe / uMeeTcs Gasuc

i, j, k, (55)
a TaKxXe OPTOHOPMAJIbHBIH OasHc
u, v, w (56)

(cM. B)), nonyuaembii u3 Gasuca (55) nyTeM BpalleHHs B
eBKJIHA0BOM BeKTopHOM mpocrpaHctBe [ (cMm. E)). [Ipu stom
[IPaBUJIO TIEPEMHOKEHHS KBaTEPHHOHOB (56) MOMHOCTBIO COB-
najaeT C NPaBHJIOM MePeMHOXEHHA KBaTepHHOHOB (55).

[TycTb Temepb x ¥ y—nBa KBaTepHuoHa u3 /. 3anuimem
ux B Gasucax (55) u (56):

X = x4 x*j 4 x3k,

y=yi+y+yck. 67
Hanee, umeem

x=_E8u+Ev+Bw,

Y =n'u 4+ 1%+ Yw. (58)

BexTopHOe npousBefeHHe [x, y] NpH MNOMOIM KOOPIHMHAT,
cBsi3aHHBIX ¢ Gas3ucoM (55), GblI0 omnpenesneHo Qgopmy.ioi

[x, y] — (x2y3 _x3y2) i + (x3y1_x1y3) j + (x1y2_x2yl)k.

Iocsie 3Toro GHLIO JI0KA3aHO, YTO KBAaTEDPHUOHHOE MPOH3Beje-
HHE Xy Bblpaxkaercsl Gopmysioit

xy=—(x, y)+[x, y],

OpH 3TOM JOKAa3aTeNbCTBO ONHPAJIOCh HA MPABUJIO MEPEMHO-
KEHUST KBaTepHHOHOB (5D).

CocraBuM Teneph KBaTePHHOHHOE NPOH3BEJEHHE xy mOpH
nomoin Gasuca (56). '

Tak kak npaBHJIO MEpPeMHOXKEHHs KBaTepHHOHOB (56) noa-
HOCTBIO COBMAJaeT C MPABUJIAMH [EPEMHOKEHHs KBaTepHHO-
HOB (55), TO KBaTepHHOHHOE MNPOU3BEJEHHE XY 3aNHILETCH
npu mnomoilx Koopauuat (58) B dopme

xy=—(x, y)+[x y].
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Ho Bmecto kcopausat (57) 6ynyT cToATH KOOpAMHATH (58).
Tak Kax KOOpAHHATHAs 3anuch CKaJSIPHOTO IPOHM3BEJEHHUS
(x, y) MHBapHaHTHA OTHOCHTEJbHO BhIOOpa OPTOHOPMAJbLHOTO
Gasuca, TO BEeKTOPHOe NpousBefeHUe [x, y] ABYX BEKTOpPOB
X M Yy, B3ATHIX B JABYX OpPTOHOpMaJbHBIX Gasucax (55) u (56),
KOTOpble MOI'yT OBbITb TepeBelieHH OJMH B APYrof NyTeM Bpa-
IeHHs, OKa3blBAeTCsl OLHHAKOBHIM.

Ho 3T0 oTHOCHTCA TONBKO K OpPTOHOPMAJBHEIM Gasucawm,
KOTOpble MOXKHO INepeBecTH APyl B Jpyra NyTeM BpallleHHs

3 1nc ITonTpsaruu



TJIABA 5

APYIME OBOBIEHHS YHUCEJ

Ins Toro utofpl BHOJNHE TOYHO CTABHTb BONPOC
06 0600LIeHuaX Yuces, MBl B [IEPBYIO O4epefib NOJIKHE TOYHO
onpeNeNUTh Te NpaBHJa JEHCTBHH, KOTOpble NOJIKHBL HMETh
MecTo, a 3T npaBusa QOpMyJHpylOTCS Kak NpaBuJja Jelict-
Buii, UMewolldecs B ajrebpauueckux Tesax u nonsx. [lostomy
nepebli naparpad HacTosie# IViaBbl NOCBALIEH ONpele/eHHIo
anre6paHyecKux Tesa U MoJseH.

Bo Bropom maparpade 3Tofi rjiaBbl ZOKa3blBaeTcs TeopeMma
Dpofennyca 0 TOM, YTO APYTHX 0OOOLIEHHH AeHCTBUTENbHBIX
YuceJ, KPOMe KOMILJIEKCHBIX 4YHCeJl M KBaTepHHOHOB, He
CYILECTBYeET.

B cnenymomeii rnase 6yAyT paccMaTpuBaThes Apyrue 0606-
IEHHs YHCced.

§ 15. AareGpanuecke TeJa H NOJs

B 3r10ft KHHre MBl yiKe MMEJH JeJO ¢ HECKOJIb-

KHUMH BHJAMH YHCEJ WJH, JyYille CKasaThb, BEJHYHH, TaK KakK
KBAaTEPHUOHBI HE NMPHHSATO HA3BIBATh YHCIaMH. S uMelo B BULY
paluoHa/bHblE, JeHCTBHTE/bHbIE, KOMIVIEKCHBIE YHCJ/IA U KBa-
TepHUOHBE. Bce yNoMsHyTBe 4eThipe BHAA BEJHYHH HMEIOT
HEKOTopble OGLIxe YepThl. B KaX/0M H3 YNOMSHYTHIX YeThIpex
MHOXKECTB BEJIMUMH MMEIOTCH JBa JAEHCTBUS — CJOKEHHE - U
yMHOXKeHHe. [y Kaxmoro M3 3THX JeHCTBHH BHIMOJNHEHBI
onpenesieHHble mnpaBusa. Ilpexne uyeM GOpMyJIMpOBaTL 3TH
npaBHJia, CKaxeM, 4YTO COBOKYIHOCTb BEJMUYHH, B KOTOPOH
onpelesieHbl kBa JEACTBHA — CJIOXKEHHE H YMHOXEHHE, CBsi3aH-
HBle TaKOro poja NnpaBH/IaMH,— Ha3biBaeTcs B anrebpe TEJOM,
a B Cjydae, eCJqH yMHOXEHHe KOMMYTaTHBHO,— moJeM. CoBo-
KYIOHOCTh HJH MHOXECTBO BCEX BeJIHYMH, COCTABJISIONMX
Teno, o6osunaunm yepes K. ChopmyaupyeM Tenepb Te mpa-
BHJIa, KOTOPHIM YAOBJIETBOPSAIOT JeCTBHS, HMmelomuecs B K.
1. Tlo cnoxenuio Te/10 K KOMMyTaTHBHO. DTO 3HAUHUT, YTO
€CJIH X M Yy —JBe BeJHUMHB U3 K, TO HMEET MECTO PaBEHCTBO

X+y=y+x (1)
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2. Cnoxenue accouyaTHBHO. JTO 3HAUUT, UTO €CJAH X, Y,
2—Tp¥ BeqUYAHb U3 K, TO BBINOJIHEHO CJEAYIOlee NPaBHIIO:

x+y+z=x+(y+2).

3. B K uMmeercss ejUHCTBEHHBIH 32JIeMEHT, HasbIBaeMbIi
HyJ/leM CJOXeHHs1 W ofosHauaeMmbil 3HakoM 0. OH yjpoBJeTBO-
pfET CeAyIomeMy YCJOBHIO:

x+0=x;

caefoBatensHo (eM. (1)), O+4-x=x.

4. ns kaxnpo# BeauuwHbl ¥ u3 K wnMeercss mpoTHBONO-
JNOXKHast e BenuyuHa, 0603HaUaeMas —Xx U YJOBJETBOPSIO-
mas CJeAyIOUEMY YCIOBHIO:

x4+ (—x)=0.
U3 copMynupoBaHHBIX MPABHI CJIELYET, YTO COOTHOIIEHHE
x+y=2 2)

(y v z—3anaHnble BeJMYHUHBI) paccMaTpHBaeMoe KakK ypaBHe-
HWe OTHOCHTeNbHO X, paspewminmo. s ero pemenus x o6eum
yacTsM paseHcTBa (2) mpubaBuM —y. Toraa monaydum

x=2+4(—y)=2—y.

Taxkum obpasoM, B K uMeeTcsl AeHCTBHe BblUHTaHMe, 06paTHOE
CJIOXKeHHIO.

M3 ckasaHHOro BHIHO, YTO COBOKYIHOCTH BCEX 3JIEMEHTOB,
Bxonsmux B K, no ciaoxenuio ob6pasyer KOMMYTAaTHBHYIO
rpynny. ,

J1s1 yMHOXKEHHsI BHIMOJMHEHbI MPaBUJA, aHAJOTHYHBIE. TEM,
KOTOpble GBITH TEpEeuyHC/IeHBl [ CTOMKEHHUS, 32 HCKJIIOUeHHeM
OZHOT'0 — IePBOr0 — KOMMY TaTHBHOCTH.

5. ¥Ymuoxenue B K accounarusno. Mmenno, ecnu x, y, 2—
TPH BeJHUMHBl U3 K, TO BBIIOJHEHO YCJOBHE

(xy) z=1x(y2).

6. B K cymiectByeT eIMHHIA e YMHOMKEHHS, YIOBJETBO-
psomas CaelyoleMy yCJIOBHIO:

eg=ze==z.

7. Hdasa xaxporo anementa 2 'u3 K, orauunoro ot 0O,
nuMeeTcss 0OpaTHBIH 3/7€MeHT, o0o3HayaeMbit z~!, yAOBIETBO-
PAIOWHE yCIOBHIO

27lg=zz"%=0e.
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M3 chopmyaupoBaHHBIX NPaBHJI YMHOKEHHS, HMEIOUIHXCA
p K, BBbITEKaeT, yTO COOTHOIUEHHS
xy=2, (3)
yx =z, 4)
rne y, z—3alaHuble sneMenThl K, npuuyeMm y =0, MOryT GHTH

paspelieHsl OTHOCHTeNIbHO X. s pelienust ypaBHenus (3)
YMHOXKHUM 00e ero yactu cmpasa Ha y~. Torza moayuum

x=zy '

Hnsa pewenus ypasHeHus (4) yMHOXKHM o0e ero 4acTH cJeBa
Ha y~'. Torza nomyyum

x=y 2.

Takum o6pasoM, MO YMHOXEHHIO Bce 3JMeMeHTh u3 K,
ornuuneie ot 0, ofpasylor rpynmy.

Hakonern, 1eficTBUS CIOXKEHHA M YMHOXKEHHS, HMEIOLIHECs]
B K, cBSI3aHBI CJIeNYIOMHM NPaBHJIOM.

8. HucrpubyTuBHOCTL. MMeHHO, ecai x, Yy, 2— TPU NPOU3-
BOJIbHEIX 3/1eMeHTa H3 K, TO MMEIOT MeCTO COOTHOLIEHHs

(x+y)z=xz+yz
2(x+y)=2x+2y.
W3 chopMyaMpoBaHHBIX NpPaBHJ BHITEKAET
02=20=0. (5)
JleHCTBHTRJNBHO, MBI HMeeM
0z2=(0+0)z=0z+0z.
Briunras us obeux uactedl 3Toro cooTHoweHus 02, HOMyYyHM
0=02.

Bropoe u3 coorHourennit (5) nOKasblBaeTCsl aHAJOTHUHO.
C zpyro#i CTOPOHEI, H3 COOTHOIIEHHUS

xy=0 (6)

C/IelyeT, YTO OJUH M3 MHOXKHUTeneH (x uau y) paseH 0.

D10 cBolicTBO Tena (HOPMYJHPYIOT, FOBOPS, uTo B Teje K
Her genuteneidl mynd. Ilokaxem 3T0.

HonyeruM, uto y==0, u JoxkaxeMm, yTo X Torza pased 0.
Ywmuoxan ofe uactd cooTHowenust (6) copasa Ha y~!, mo-
ayunM x=0y~'=0. AHaNOrHYyHO J[OKa3bIBAeTCs, YTO eCJH
x%0, o y=0.

EcrtecTBeHHBIM 00pa3oM ONperne/sieTCsl YMHOMKEHHe IPOU3-
BOJILHOTO 3JieMeHTa x Tesa K Ha 1enoe HeoTpHIaTelbHOE
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YHCJIO 1. HMEHHO,

Ox =0;
lx=x;
2x=x+x;
Mx=x+x+x;

R S ]

Jlerko nposepsdercd, 4To €CJAu M U n—JABa UeJbIX He-
OTpHIATEJbHbIX YHCJaa, TO

mx +nx=(m-+n) x; (7)
(mx) (ny) = mnxy. (8)

Omnpepenym Tenepb Tak HasbiBaeMyl0 XapaKTEPUCTHKY
tena K, kotopas pasHa Jau6o 0, JH60 IPOCTOMY YHCAY p.
st 3TOrO CocTaBMM MOCJ/IEOBATENbHOCTL 3J1eMeHTOB Teaa K

Oe, le, 2e, ..., ne, ... 9)

Ecan B 3TOH moc/lefioBaTeNbHOCTH 3JMEMEHTOB TOJLKO
onun aaement Oe pasen 0, To cuyutaror, yro Tes10 K Hmeer
xapakrepuctuky 0. Eciim 370 He ummeer mecra, TO B HocJe-
JIOBaTeJIbHOCTH BeJ/IMuHH (9) BCTpeyaroTcs HyJeBble 3JIEMEHTH,
ornnubple 0T Oe. B MuoXecTBe 3nemenTOB (9) OmpejeseHsl
onepandy CJIOXKeHHs [ yMHOXKeHHsa (cM. (7), (8)). Oxasbi-
BaeTcd, YTO B CJyyae, KOrja XapakTepucTuka He pasHa 0,
MHOKeCTBO (9) COepKHT JIMIIb KOHEYHOEe UYHCJO Pa3JHYHBIX
5JIEMEHTOB, COCTABJAOMWMX mose PP BBYETOB MO [POCTOMY
moaymo p (cm. § 16). B sToMm cayyae xapakTepHCTHKOH Tesa
CYMTAeTCss NPOCTOR UHCJO p.

OueBugHo, uTO NoJie R BCEX pAlHOHAJBHBIX YHCEJ HMEeT
xapakrepucTuky 0. OkasblBaeTcs, 4TO B M3BECTHOM CMbICJe
nofe R dABAfAeTcA NpocTeHILMM MNoOJeM XapakKTepucTuku 0.

Onpeneaenue 1. [Jsa mera K u K’ cuumaromes uso-
MOPHbIMU, ecal Cyujecmsyem 63aUMHO 00HO3HAUHOE COOmeenn-
cmeue mexcdy saremenmamu mroxecme K u K', npusem
onepayuu, umeruueca 6 K u K', nepexodam Opye 8 dpyea.
Boaee OemaavHo: cywecmeyem maKoe 83AUMHO O00HO3HA4HOE
omobpancerue f mrnomecmsa K wna mroxecmso K', npu ko-
MOPOM  ONepaylu YMHONECHUS U  CAONCEHUA COXPAHAOMCR,
m. e. 6bINOAHEHbL YCA0BUSL

fx+y=F)+f©),
fxy)=Fx)f ().

Omobpancerue [ mesa K na meao K' nasewsaemes usomopgp-
Hotm uau usomopgusmom. Scro, umo npu ugomoppuame Hyao
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nepexodum 6 Hyab, eOURUUA 8 eOuUHULY, RPOMUBONOAONCHBLL
SNEMEHIM 8 NPOMUBONOA0NCHBIL, 0bpamHelli 6 00pamHoiLl.

[lpu onpezeneHny xapakTepHCTHKH Tesna K MBI paccma-
TpUBaJH TIOC/eL0BaTeNbHOCTD (9) snemeHToB Tesa. B cayuae,
ecJu XapakTepucTHKa Teja K paBHA HYJO, Mbl, NMOJB3YSChH
onepanuaMHA BBHIYMTAHHS H NeJeHHs, NMeuMuca B teqae K,
MOKEM OINpele/UTh eCTeCTBEHHEIM 00pas3oM NMPOU3BELEHHUE JIt0-
60ro palHOHAJBHOrO yHcsaa r Ha eauHuny e. TakuMm ofpa-
30M, B Tesie K HMeeTcsi COBOKYIHOCTb BCEX 3JIEMEHTOB BHJA
re, Tl r—paluHoHaJbHOe Yucao. COBOKYIHOCTh BCEX TAKHX
5JIEMEHTOB €CTEeCTBeHHBIM 00pa3oM COCTABISIET IOJIE, JieKallee
B Teje K, u moJsie 310 U30MOPGHO MO0 PAlHOHANBHBIX YH-
ceq. M, takum obpasoM, mnose panHOHAJNbHBIX 4YHCENJ SB-
JIeTCSl NPOCTEHIINM TEJNIOM XapaKTEPHUCTHKH HYJIb.

Onpenenenue 2. Ecau 6 mere K codepacumen muo-
acecmeo asemenmos K, xomopoe 8 cuay onepayuil cromcerus
u ymrooerus, umewwuxca 8 K, cocmasasem meao, mo meao
K, nasewsaemca noomesom K, a mero K — pacwupenuen
mesa K.

[IpuBemem Tenepn omucaHue MpOCTeHIIero noJst XapakTe-
puctnku p. OHO ABJAAETCS TOJEM BBIYETOB 0[O MOAYJIO p. .

§ 16. Ione Buiueros
Mo NPocToMy MOAYARO0 P

A) TIlycte m > 1-—muekoTopoe HaTypasbHOe
yicso. ['oBopsT, YTO Uesble uucia @ U b CpaBHUMBI MeXAY
co00f MO MOAYJIO M, W NHIUYT

a = b (mod m),
€c/IM pasHocTh b—a Jeantes Ha m, T. €. €CHH _
b=a+cm, (10)

rae ¢—uenoe yucgo. OueBnaHO, UTO eciM JBa YHC/IA CPAB-
HHMBI C ONHHM M TeM K€ YHCJOM [0 MOAYJIO /M, TO OHU
CPaBHHMBI M MeXAy cO00Hl MO MOAYJIO 1.

B) MuoxecTBO BceX uHCeJ, CPaBHUMBIX C HEKOTOPBIM 3a-
JaHHBIM YHCJIOM @ MO MOAYJIO '/, Ha3bIBAETCS BBIYETOM IO
mopymo m. Dynem o6osHauaTh 3TO MHOXKECTBO uepe3 [a].
OueBnpHo, 4TO KaxKible [Ba YHCJIa MHOXKeCTBa [@] CpaBHHMBI
Mexy co6oit mo Moayso m. Ecian b—npousBOIbHOE YHCIIO

u3 MHOXecTBa [a], To MHOXKectBa [a] ¥ [b] coBmajaioT Mexay
co6oii: '

[a] =[5},
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$IcHO,. YTO COBOKYIHOCTh i
[0} {1}, 2], «+, [m—1]

COCTaBJISIET COBOKYMHOCTb BCEX BHIYETOB 1O MOAxymo m. Ta-
KUM 06pasoM, HMEeTCsl POBHO /M BBIYETOB IO MOAYJIO .

C) Ilycrb @, 1 a,—iBa uleabix uucaa, [a;] u [a,]—coaep-
JKalllie 3TH YUCJA BBIYETHI N0 MOLYMO m; by, b,— 1Ba NeJbIX
yhcsa, NPUHAJJIEKAIHUX COOTBETCTBEHHO BhIUeTaM [a,], [a,].
Torpa B cuny (10) M umeeMm

b,=a;+cm, by,=a;+cm.
H, cnepoBatenbHO,

bi +b,=a; +a;+ (¢, +¢c) m.

Orciona BuUAHO, uTO cymMa b;-b, TPHHALJNENKHT BHIYETY
[a;+a,]. Takum o06pasom, ckaanpiBasi NPOH3BOJILHOE YHCJIO
M3 BbYeTa [a,] ¢ TMPOU3BOJIBHBLIM YHC/IOM M3 BbIYeTa [a,], MBI
BCerja NOJY4MM 4YHCJIO, NpHHAJJEKAUee BbIYETY [a;-+ a,].
CrnepoBaTenbHO, BHUET [a,+@,] OJHO3HAUHO ONpeleseH BbI-
uetaMu [a,] ¥ [a,]. DTOT BBIYET HE 3aBHCUT OT ClydYaiHOrO
BeiGopa uuces b, u b; us BbueToB [a,] u [a,]. Bruer [a, +a,)
CuMTAeTCsT CyMMOH BbIYeTOB [a,] H [a,):

[a] +[a,]) = [a, +a,].

TakuMm 06GpasoM, B COBOKYNHOCTH BCEX BBIYETOB MO MOAYJHO
m onpeiesena onepauus cioxenus. Hynem sroro cioxenus
sipnsiercst [0]. TouHo Tak e MOXKHO ONpPEJENHTb PA3HOCTDH
JBYX BBIYETOB [0 MOAYJIO /i H NPOH3BeJeHHEe ABYX BHIYETOB
no Mopymo m. Ilpnyem enunnued ymHoxenus cayxut [1].
Mbl BMJHM, YTO B COBOKYMHOCTH BCEX BHIYETOB 10 MOLYJIO M
onpejieseHbl ONepanyy CIOKEHHs, BBIYHTAHHS H YMHOXKEHHs.

D) Ecau m—mne npocroe 4HCIO, T. €. €CJIH OHO PasJo-
XKHMO HA 1Ba MHOXHUTENs

m==rs,
rie r 1 S 06a OTJAMYHBI OT €IMHHIBI, TO SICHO, YTO

[r]{s]=[0].

Takum 06pasoM, B cJydyae He IPOCTOTO YHCJA M B COBOKYII-
HOCTH BCEX BBIUETOB HMEIOTCH «JeJMTeNH HyJsd». B sToM
Cjlyyae COBOKYNHOCTb BCeX BBIYETOB MO MOAYJIO M C OnIpe-
JelleHHBIMH B 3TOH COBOKYMHOCTH OMNEpalysMH He MOXKeT
cocTaBasiTh noJe. OxkaspiBaercs, YTO €CIH m==p eCTh NPOCTOE
YUCJIO, TO COBOKYMHOCTb BCEX BLIYETOB 110 MOAYJIO p cocra-
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sasier nose. [lycTh

[, [2], +.., [p—1] (1

— COBOKYNHOCTb BCEX BBIYETOB II0 MPOCTOMY MOAYJIO p,

OTMIMYHBIX OT HyJdA. IlpousBesenne nByX BbUETOB [r] u [s]

U3 nocjeopaTesbHocTH (11) He MoxKeT O6GpalmiaTbCs B HYJb.

Ecau 6bl 6BL7T0 '
[r][s]=[0],

TO 3TO 03Hayaso GBI, YTO r§ AEJIHTCA Ha p, a 3TO 3HAYHUT, YTO
OJIMH M3 3THX MHOXKHTeJeH JeNUTCA Ha p, T. €. COOTBETCTBYIO-
M eMy BHIYET paBeH HYJIO, M, CJIeJOBaTeNbHO, HEe NPHHAN-
Jexxut mnocaegobatensHoctd (11). Ecnn [ay], [a,] v [a] —
TPY TNpPOU3BOJBHBIX BBIYeTa Toc/efoBatenpHoctd (11), TO
PaBEHCTBO

[a,] [a] =[a,] [a] (12)

BO3MOXKHO JIAWIb B Ccaydae, ecau [a]=[a,]. HeficTBuTe/IBHO,
u3 papeHctea (12) caenyer

(2] —[a.]) [a] = [O].

Tak xak [a] He paBHO HYJIO, TO TEPBBHIN MHOXHTEJb PaBeH
HYJIO M, ClefoBaTesbHO, [a]=][a,]. Takum obpasoM, ymHO-
Kasi BCe BbIUeTH rocsenoBatenpHocT (11) Ha oauH M TOT
xe BblueT [a], MBI MOJy4nM POBHO p— | BHIYET, mpHYeM Bce
oHH OYAyT pasauyHbl. DTO 3HAYMT, YTO YMHOXKEHHe Ha [a]
nocjenosatesibHocTd (11) oroGpaxkaer ee Ha ceGsi B3aHMHO
onHosHauHo. Takum oGpasoM, Hafizercst Tako# BblYeT [a'], uTo

[a][a’]=[1]-

dro 3HauuT, YTO AJA BHIYETa [a] CYLIECTBYeT OGpaTHBIA BbI-
YeT [a'], ¥ MOTOMY COBOKYNHOCTH BCEX BBHIUETOB IO MPOCTOMY
MOJYJIIO p COCTaBJAET TmoJie. DTO TOJIe Ha3bIBAETCS MOJEM
BbLIYETOB MO MOAYJ/IO p, NMpHUUEM p—IpocToe 4ucjo. Mol Gy-
JeM 0003HayaThb 3TO MoJjie yepes PP.

E) Ecnmu B mnocnenoBarenbHoctd (9) 371€eMEHTOB HEKOTO-
poro tena K uMeeTcsi paBHBIA HYJIO 3JIEMEHT, OTIHYHBIA OT
snemenTa Oe, To 0603HAUUM Yepes m MUHHUMAJbHOE HATypaJb-
HOE 4YuCJIo, NpH KoTopoM me==0. OxasbiBaercsi TOria, 4To
€C/IM lleJioe 4Yucso ¢ YAOBJETBOpAeT ycjoBuio fe=0, To ¢
Jdequtcs Ha m. JelcTBUTenbHO, pasfenuB ¢ HA m, MBl
TOJTY UUM

{=gm-+r,
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rie ¢-—uacTHOe, r—oOCTaTOK, mpuueM r < m. YMHOXKasa 3TO
PABEHCTBO Ha e CIpaBa, Mbl HOJYYHM:

0=0-re.

Takum o6Gpasom, re=0, npuuem r < M, YTO NPOTHBOPEUHT
Hamemy Tnpennosoxenuto. OueBHIHO, UTO €CMH JBA LEJbIX
yycsia @ ¥ b o6jajaloT TeM CBOHCTBOM, 4TO ae==be, TO a
u b cpaBHHMBI MO MOAYJIO M. TakuM 00pasoM, yCTaHABJIHU-
BAeTcsi B3aMMHO ONHO3HAYHOE COOTBETCTBHE MEKAY 3JeMeH-
tamu Tema K Buga ((9) § 15) u BbueTaMu N0 MOAYJIO 7,
IpPH KOTOPOM COXPAHSIIOTCSl ONMEpaluH CJOXKEHUS U YMHOMKe-
Husg. Tak Kak B Teie K OTCYTCTBYIOT IEeJIUTENTH HYJs, TO
YHCJIO M JOJKHO OwiTh mpoctbiM (cM. D)). CuoenoBatesbHo,
COBOKYIIHOCTb BcexX 3JeMeHToB BuAa (9) Tena K usomopdua
noJio BeIYETOB PP no mpoctoMy MoayJo p. Ilpocroe uucno
p HasbiBaetcsl xapakrtepuctukoii Ttena K. Tem cambiv mose
BEIYETOB PP fBJIsIeTCS MPOCTEHILHM TeJIOM XapaKTEPHCTHKHU p.

Henocpencreenno & mnpemioxenuio D) npuMbIKaeT Tak
HasbiBaeMast Majasi teopeMa Pepma, oTiMUHAS OT BeJHKOH
TeopeMbl Pepma, mnosb3ylomelcs LIHPOKOH H3BECTHOCTIO.
B pasnpHefiuem majnas teopeMa @Pepma He GyIeT HCHOJB3O-
BaHa B 3Tofl KHure. §1 MpPHBOXKY ee 3heCh BMecTe C JOKa3a-
TeJIbCTBOM, TaK KAaK OHA SIBJISIETCS] HETPHBHUAJbHBIM IIpHMeHe-
HHEM BBIUETOB.

Manas teopema ®Pepwma. [Tycms p—npocmoe uucao,
a— npousgoabHoe yeaoe 4qucao, He Oersujeeca Ha p. Toeda
umeem mecmo caedyrowiee CpagHerue:

ar~t=1 (mod p). (13)

HoxkasatenbcTBo. IlocnenosatensHocTs (9) cocTouT
M3 BCeX BeJMUMH TOoJs PP, OTMHYHBIX OT HyJA. YMHOXas
BCe 5TH BeJHMYMHBI Ha BBIUeT [a] W3 moss PP, Mbl, Kak 3T0
ObLIO JOKasaHO B NpefoxkeHHM D), MoOyuuM Te ke camble
BeJIMYMHBl TOCJeN0BaTeNIbHOCTH (9), pacnosioxKeHHble B IpY-
rom mopsauke. Takum obpasom, B mose PP unmeer MecTo
CJIeflyiollee PaBeHCTBO:

[l [1]12] .. [p— 1] =[1](2] ... [p—1].
BEJIPI‘{HHa, crodmiass B npaBoﬁ yaCTH 3T1oro paBeHCTBa,

OTJIHYHAa OT HYJA B mOJe Pp’ NOoSTOMY TIIOCJ/IEfHEE PALEHCTBO
MOXKHO Ha Hee pa3leJuThb. Tak uro Mel [1oJlyyaeM paBeHCTBO

[a]r- =[1].

DT0 paBeHCTBO, HMelollee MecTo B mose PP, paBHOCHIbHO
upcoBoMy cpaBHeHHI0 (13), KoTOopoe cogepxurcs B dopmy-

73



auposke wmasoii TeopeMel Pepma. Taxum oGpasom, manas
reopeMa ®Pepma AoKasaHa.

[TpoBepum Masyio Teopemy @Pepma Ha NPOCTOM YHCJIOBOM
npumepe. [lyete p=1>5, a=2. Umeem 2'=16, a 16 oueBuzgHo
cpaBuuMo ¢ 1 no mozymo 5.

PaccMoTpuM Tenepb BbIYETHI 110 NPOCTEHIIHM MOAYJASM 2,
3 n 4.

Hwmetoress nBa Bbiera mo moaymo 2: [0] wu [1]. Hdas
9THX BbIUETOB HMEIOTCSl CJEAYIOUe TNPaBHJIA CJOXKEHHS H
YMHOKEHHS:

[0]+[1]=[1], [1]-+[1]=I0],
[oIfty=1[o},  [1j{1]=[1].

W3 3TMX TpaBHA BHAHO, YTO BBIYETHl MO MOLY/IO 2 cO-
CTaBJSIIOT ToJie, KOTOpOoe Mbl 0G03HauaeM yepes P2,

Buiueros no mopymo 3 umeercs tpu: [0], [1], [2].

BuinnuieM NpaBUJIO CJHOXKEHHA M YMHOXKEHHS AJIsl 3THX
BbIYeTOB. MbI HMeeM

[1+[1]=[2], [1]4[2]=[0],
[2]+[2]=[1],
(=01 [2121={1]-

M3 3TuX npaBHJ BHAHO, YTO BHLIYETHI 10 MOAYJIO 3 COCTaB-
JIAIOT ToJIe, KOTOpoe Mbl ofo3HauaeM yepes P2,

BoiueroB 1o monydio 4 umeercs wetwmpe: (0], [1], [2], [3].

Buinumem npaBu/ia CHAOXKEHUS H YMHOXEHHS JJs 3THX
BLIUeTOB. Mpbl nMeeM

(]+21=[3], [1]+[3]=I[
[2]+[3]=[1], [3]-+[3]=I
[21{2]=[0],  [2][3]=(2], [3][3]=[1].

U3 stux npaBus BUJHO, YTO BLMETHI 10 MOAYJIO 4 He CO-
CTaBJfIOT DOJIE, TaK KaK KBajpaT Bblueta [2] paBed Hymo.
B uacTHOCTH, 1O 3TOi NPHYKHE HeJb3si paBeHCTBO [2][3]=[2]
COKpaTHTb Ha BeJUYMHY [2], TaK Kak JJs BequuuHbl [2]
HeT o6paTHoi. :

0],

2]
2]

§ 17. Teopema Ppobennyca

Teopema 3. [Tycmo L—aneebpaueckoe meao,
codepacawiee 8 Kawecmee nodmesa meno D Oedicmeumenvrox
uucen, npudem Kkaxclolli anremenm us L xommymamueen no
ymronceruto ¢ saemenmamu u3 D, a xaxncdoui sremenm x us
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K sanuceaemes 6 eude
x=x"+x',+ ... +x"i, (19

20e x°, X', ..., x"—Oelicmaumenvuble 4UCAQ, ABASLIOULUECA
K00 pOUHAMAMU BeAUMUHKbL X MaK, 4mo X ecmb (n -+ 1)-meproud
eexmop. Taxum obpasom npednosaeaemcs, 4mo 6eAUHUHbL
| U PR

cocmagasom 6asuc eerxmoproeo npocmparncmea L. [las onpe-
Oeaenus ymuoscenus 8 L Odocmamouro 3adame npasuro nepe-
MHOJCeHUS, 8eAUMUN If, ..., i, maK, umobel Kascdoe npoi3se-
Oenue i.i, sanuceanroce 6 ¢opme (14). Okasewsaemes moeoa,
umo L aubo cosnadaem c¢ noaem D, mo ecme usomopghro nomwo
Oeiicmeumenbrolx uucer, aubo usomopguo noao K2 romnaerc-
Holx uucen, aubo usomopgHo meny K* Keamepruoros.

JlorkasatenncTBo. [lose D [gefcTBUTEJNLHBIX YHCEN
COCTOMT M3 BceX BequuyuH X Buja (14), njs KOTOPBIX TOJNBKO
KoopAuHaTa x° MOxeT OblThb OTJHYHA OT HyJs. MHOXKeCTBO
D npexncraBasier coGoH 0XHOMEPHOE BEKTOPHOE MOJINPOCTpPaH-
cTBO BekTOpHOro mnpocrpaucrea L. Teno L, oueBnpno, umeer
xapakTepucTuky 0.

Jas Toro utoGH CHeNaTh JOKa3aTeNhcTBO Gosiee 0603pH-
MbIM, pasobbeMm ero Ha nyHkTel A), B), C).

A) B tene L Belies MM BeJMYHHBEI, KOTOPBHIE €CTECTBEHHO
CYNTaTh YuCTO MHUMBIMH. COBOKYIHOCTb BCEX HX 0GO3HAUNM
uepes /. K / mbl oTHeceM BcsiKyl BesinuMHy 2 U3 L, KBan-
paT KoTOopo# jeficTBUTeNeH, T. e. npuHamiexkur D u Hemno-
Joxurened. Takum oGpasoM, / cocTouT H3 TexX 2z, Al KO-
TOPBIX :

22eD; 22<C0.

Tlocnennee HepaBeHCTBO MOMKET IPEBPATHTBCS B PABEHCTBO
ToJIbKO B caydae z=0. flcno, uto MmHoxectBa [/ u D nepe-
CeKaloTcsl TOJIBKO B HYJIE.
Bennyunbl u3 / o6nafaioT CACAYIOUHMMH CBOHCTBaMH.
Ecnu oo —peficrsutenbHoe uucao, a z€ 1, To

azel. (15)
Hanee, ecoin z€1 u 25+0, 10
zvel. (16)

OkaseiBaercs, 4To0 Kaxnaas BeJHYHHA ¥ M3 L eIMHCTBEHHBIM
¢roco60M passaraetcsi B CyMMy

x=a+tz, (17N
tne a€ D, z€l. '
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Noxaxem yteepxpenve A). Haunem ¢ yreepxaenus (15).
Mui umeeM (az)?=a?2%. Tak kak a?>=0, 22 <0, 10 (22)? << 0.
H, caepoBatenvno, az€ /.

Ins nokasaresnnctBa (16) coctaBHM npousBeneHue

2(z P =zzz7 27 =1.

Takum obpasom, (27!)?=(2z2)"! u, cnejnoBaTe/bHO, OTpHLA-
teapno. Tak uto z-1¢€].

Hokaxem Ternepb, 4TO HMEeT MecTo pasjoxenue (17).
JJis 3TOro COCTaBHM MOCJEA0BATENBbHOCTh BEIHUHH

1, x,x% ..., x"+1, (18)

Tak kak pa3MepHOCTb BEKTOPHOro NpocTpaHCTBa L paBHa
n+1, a uHcao BeauunH nocsaefoBatenabHocTH (18) paBHO
n-+2, to B cuny npemioxkenus A) § 11 BennunHbl nocse-
JIoBaTeqbHOCTH (18) MHHEAHO 3aBHCHMBI, T. €. HME€eT MEeCTO
COOTHOUIEHHE

aptox+ ... o, k"t =0,

rae Ko3MGhHIHEHTBl &y, @y «.., Opiq CYTh JeHCTBHTENbHBIE
yHcJla, He Bce paBHple HyJO. TakuMm ofpas3oM, BeJHUYHHA X
ABJSIETCA KOPHEM MHOTOWJI€Ha C JeHCTBUTEIbHBIMH K03(dH-
UHeHTaMH, M IIOTOMY B CHJY pe3yJabpTaToB § 7 sABjsieTcd
KOpHEM /60 MHOrouseHa gy NepBOH CTeneHH, JHOO MHOTO-
ujeHa g, BTOpoH creneHH. Tak 4TO AJAA X BLIIOJHEHO OJHO
H3 JIBYX COOTHOILEHHH

x—a=0; x*—2ax-+b=0,

rae a>—b< 0. B mnepBoM cJaydae x ecTb HeHCTBHTENbHOE
YHCJAO o, H A1 pasnoxenus (17) bl nMeem a=a, z=0.
Bo BropoMm cayuae Mbl umeeM (x—a)?=a*—b < 0. Takum
o6pa3oM, BeJHYHHA X—a TpHHAANeKHT [; 0603HauMM ee
uyepe3 z. Torza Mbl nosyuaem x=a-2, U pasJjoxeHue (17)
JOKa3aHo.

YCTaHOBUM Temepb €IHHCTBEHHOCTb pasjoxkenusa (17).
Honycrum, uto Hapanay ¢ (17) MBI uMeeM pasJsioKeHHe

X =a,+2, (19)

rae a, €D, z,€ 1. Jokaxem, 4To TOria a,=a, 2,=2. BbI-
ynTag W3 pasnoxenus (17), Mbpl MOJyuHM

2=2y+(a,—a).
Bo3Bojs 3TO paBeHCTBO B KBajpaT, NOJydaem

2 =2+ 22, (@y—a) + (a,—a)*
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HJIM, HHaue,
22y (ay—a) = 2* — 2t —(0,—a)?.

31ech B JIEBOH YacTH CTOHT YHCTO MHHMasi BeJHYHHA
(cM. (19)), a B npaBoil— neiicTBuTenbHass. Takum oGpasoM,
obe onn paBHbel Hymo. To ecTb Mbl HmeeM 2z,(a,—a)=0.
Tak kax xapakrtepucTHka Ttesma L He paBHa 2, To HMeer
MECTO PaBeHCTBO Z,(@,—a) =0, 4To BO3MOXKHO TOJIbKO TOTJa,
KOTJa OJUH M3 MHoXuTenefi paBen Hymo. lonyctim cnepsa,
yto 2,=0. Torma u3 cootHowenus (19) cregyer, uro x —
JeHCTBHTENIbHOE UYHCTIO a,. A u3 coorHowenus (17) mosyuaem
z=qa,—a. Takum o6pa3oM, JeBasl 4aCTb €CTb YHCTO MHHMMas
BEJMYHHA, a NpaBas — feficTBuTenpHas. CrenoBartenbHo, ofe
oHu paBHel Hymo. Takum 06pasoM, Mbl NPHINIH K BHBOLY,
uto z,=2=0, a orcioma caenyer, uto q,=a. ([Ipu 3TOM
npeanoaaranoce, 4ro 2z,=0.) Ecau ke paBeH HYJIO MHO-
XKUTEeJNb a,—a, TO @,=a, & W3 3TOT0 B CIUIY COOTHOIICHHH
(17) u (19) BHITekaer, uTo 2,=2. TakuMm o0pas3oM, eIMHCT-
BEeHHOCTb pasnokenua (17) ycraHoBneHa W npejjoxkeHne A)
[OJIOCTHIO J0Ka3aHo.

B) Ilycte u# u v—npBe Bequuyunel u3 [, a r 0 s—jBa
NEHCTBHTENbHEIX YHcJa. Torjga, OKas3blBaeTcsi, MMEIOT MECTO
JBa HIXKeCJ/IEAYIOMHX COOTHOILEHHS:

E=uv+tuvué€D, (20)

n=ru-+své€l. 21

W3 coortnomenns (21) caenyer, uto / ecTb BEKTOpHCE

NOANpPOCTPAHCTBO BEKTOPHOro mnpocTpaHcTBa L. A us 3rtoro

M U3 mnpenjoxenus A) BelTekaeT, 4To L pacnajaercsi B nps-
MYIO CYMMY CBOHX BeKTOPHBIX moampocTpaHcts D u [.

Hokaxem npexnoxense B). PaccMorpuM cnepsa ToT
npoctofl cayyaH, Korja BeJHUYMHLI

u,v,l
JUHEHAHO 3aBHCHMbI, Torja Mbl HMeeM
oau+po+y=0,
TIpHYeM He BCe NEeACTBHTENbHBIE 4Hcaa o, [, Y paBHBI HYJIO.
[TocenHee paBeHCTBO NEpeNHIlieM B BHJE
au=—pv—v.
3nech o U — Pu—UHCTO MHHMMBIE BEJNHYHHBI B CHJy COOT-

womenus (15) u B cuny enuHcTBeHHOCTH pasnoxenns (17)
noanyuaem y=0, Takum o6pasom,

au = —fPu.
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Tak kak o6a kospdpuunenta a u [} He MOryT ObITh paBHBI
HYyJ/O, TO OJMH M3 HuUX OTJuYeH oT Hyas. Has onpenesen-
HocTH Gynem cuurtath, uto Pp==0. Toria

v=—2u
g U
2
IoxcraBasis 370 Beipaxenne B (20), noayuaem §=— > y2,

T. €. § ecTb JeACTBUTENbHOE YHCJIO H cooTHoweHHe (20)
B 3TOM cJyyae HoKasaHo. IlomcraBifsl moJyueHHOe BblparKe-

Hue Agas v B (21), nosmyyaem M= (r-—§5> u. Tak uro B cHu-

p

ay (15) m ecTb uMCcTO MHHMas BeJHYHHA.

PaccmoTpuM Temepb cayyad, KOrja BeJHYMHH 4, U, 1
JuHefiHO He3aBHcHMBL. YTBepxaeHus (20) u (21) 6ymem jo-
KasplBaTh BMecTe. Mbl OyneM paccMarpuBath TOJBKO TOT
caydal, KOrjaa r ¥ s 0o6a OTIHMYHBl OT HYJS. B mporuBHOM
ciayuae oba coornomenus (20) u (21) serko mposepsiores.
Jist nokasaTesbCTBa PasJioXKHM BeJMuHHbI & 1 1) corsacHo (17).
TTonoxum

E=uvtovu=a-+z, (22)
rae a€D, z€ 1,

N=ru+sv=a,+2, (23)
roe a, €D, z,€ 1.

Has pokasarespctBa cootHomeHult (20) u (21) mam go-
CTaTOYHO JOKasaTh, 4To 2=0 1 aq,=0.

BosBezem paBencTBo (23) B kBazpar. Toraa Mel mosyyum
r2u? 4 s2? + rs (wo +ou) = al + 2a,2, + 23.

[ToxcraBnasi B JIeBylO 4YacTb 3TOrO COOTHOIIEHHS BMECTO
uv-+vu ero BbIpaXKEHHE B CHJY paBeHCTBa (22), Mbl NOTyYUM

rut 4 s +rs(a+2)=aj+2a,2,+ 2. 29

JleBasi W mpaBasl 4acTH 3TOrO PaBEHCTBA COCTOST U3 JefCT-
BUTEJLHOH W YUCTO MHHMOH 4YacTu. B cuiy eauHCTBEHHOCTH
paszsoxenusi (17) 5TH dYacTM JOJ/DKHBI COOTBETCTBEHHO pAaB-
HATbCA APYr APYry. MuuMasi 4acTb JI€BOH yacTH paBeHCTBa
(24) ectb rsz, a MHHUMasg uyacTh NPaBOHl HacTH eCcTh 24,2,
TaK 4TO MBl HMEeM paBEeHCTBO

rsz=2a,2,. (25)

PaccMoTpuM Temepb JBa pasAHUHBIX caydasi. [lepsbifi:
z2==0; BTOpO#: 25=0.
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B nepsom ciyuae u3 pasencTBa (25) MbI umeeM a,2,= 0.
ChnenoBatenpHo, ambo a,, auGo z, obpauiaercs B HyJb. Ecin
a,=0, 1o cooTHomenue (21) BepHO, a cooTHomeHHe (20)
cnenyer us npegnosoxkenus, uyro 2=0. Ecmu 2z,=0, 10
paBeHcTBO (23) mnpeBpaiiaercsd B JUHEHHYIO 3aBHCHMOCThb
MeXAy u, v U 1. DTOT mpocToit cayuail HaMH yKe pasobpaH.
Taxum o6pasom, B npennoJoxenuu =0 (nepBbld ciayyar)
Jl0Ka3aTeJIbCTBO Npensioxenus B) mosyueHo.

Pacemorpum cayuait 2= 0. Tlockoneky r u s oba He
paBHBl HYJIO, TO M3 cooTHouwenus (25) caepyer a,=~0, u
COOTHOILEHHE (25) MOXKHO TepenwucaTh B BHIE

20 —-—-*2702.
IlopcraBass 3To BHIpaXKeHMe 1Js 2, B paBeHCTBO (23), mo-
Jyuaem

ru—i—sv:ao—}—ér—;(—) 2. (26)

3aMeTuM, YTO 2 HE 3aBHCHT OT YMCeN 7 U S M paBeHCTBO (26)
JIOKa3aHO HaMH B NpPeANoJoKeHHH, uTo 25=0. Brinumem
Ternepb PaBeHCTBO (26) nas KakuX-HHOYAb ABYX APYrMX Y-
cen r' us’. Mbl nosyunm

r's’

ru—}—sv—ao—l—%z. (27)

Hckmouum n3 pasenctB (26) u (27) BeaHUHHY 2, YMHOMXUB
paBeHcTBO (27) Ha TNOAXOAsNee NEHCTBUTENBHOE YUCIO ¢ U
BBIUTS ero u3 paBeHcTBa (26). Torma MBI mosydum

(r—cr')u+(s—cs')v=a,—ca,. (28)

TMockonpky umcia 7' H s’ BHGMPANHCh COBEPLIEHHO NPOM3-
BOJIbHbIM 06pasoM, Jnb Obl 06a OHM He PABHAJNHMCH HYJIO,
MBI MOKEM MX BBIOpaTh TakK, YTOGHI He GBLIO NPOMOPIUHOH /b
HocTH. B 3TOM TDE/TOJIOXKCHUH B PaBeHCTBe (28) koapu-
1MeHTsl 7 —cr’ u $—c¢s’ He Moryt o6a 06paiaThCs B HyJb.
Torpa pasencTBo (28) npeBpamaercst B JUHEHHYIO 3aBHCH-
MOCTh MeXJy BeJMYHHaMH u, v W 1, T. e. B cayuait, paso-
GpaHHBII HAMU B CaMOM Hadase J0Ka3aTesJbCTBAa MpelJioxKe-
nua B).

Takum o6pasom, npenjyioxenne B) nokasano.

C) Tlycte 4 u v—jBe BeJAHUYHHBI U3 /, YAOBJAETBOpPSIOMYE
YCJIOBHAM

ur=—1, v*=—1, w=uve€l. (29)
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Torga BenuuuHbl U, U, @ YAOBJETBOPSIOT TEM Xe YCJOBHHM,
yTo M KBaTepHHOHHble emuuuusl (cm. § 13 (33), (34)), T. e.
MMEIOT MeCTO paBeHCTBa

—_ 12 =2 = —
W=v=w=—1, (30)
W= —0l=W, IW=—WU=U,
WY = — YW ="0. 31

JHoxraxem mnpenioxerue C). I 3Toro ycTaHOBUM Ipexne
BCEro, 4TO

vu = (uv)~1.
JleficTBUTeILHO,
wou=u(—l)u=u*(—1)=1.
Takum o6pasom, Mbl UMeeM
uv -+ o = uv + (uv) L. (32)

B cuny cootHowenuss (20) JeBas wacTh 3TOr0 paBeHCTBA
ecTb JedcrTBuTeNbHOE uucao. IlpaBasi ke yacThb ecTb cyMMa
JBYX UYHCTO MHHMBIX BeJMUHH, Tak Kak (uv)~! B cuny (16)
€CTh YHCTO MHHMAasi BeJUYMHA U, CJeN0oBaTeJbHO, INpaBas
yactb paBeHcTBa (32) B cuny (21)—uucro mMHuMag. Takum
obpasoM, o6e yacTH paBeHCTBa (32) oOpalmialoTcsi B HYJb H,
CJI€A0BATENIbHO, MBI HMeeM:

Uv = — . (33)

Takum obpasom, nepsoe u3 paseHcTs (31) Hamu yxe jo-

kasaHo. JlokaxeMm Tenepb nocnegHee u3 paseHCTB (30). Mer
nMeeM

W=uvuv=--uv vu=—1.
JlokaxeMm Temeph BTOpOe M TpeTbe M3 COOTHOWeHHH (31).
Mbr nmeem
VW = VUV = — V0U = U. (34)
Tpu BequuuHBl 4, W U 4=0UW YIOBJETBOPSIOT TeM XKe YCJO-

BHSAM, 4TO M BequuuHBl (29), a mna BeauuuH (29) umeer
mecto cootHowenue (33). Takum o6pa3oM, 3jech MBI HMeeM

= — VW.

Takum o3pasoM, Bmecte ¢ (34) 3TO COOTHOLIEHUE AaeT BTOPOE
H3 cooTHowenuit (31).

Paccmorpum Teneps
WU = yvu = — UUv =10.



Touno Tak XKe, KaKk " nepep 3THUM, NOKaxKeMm, 4TO
wu = — uw.

Taxkum obpasom, u Tpethe cooTHowenue u3 (31) noxasaHo.

Hrak, npepnoxenne C) noxasaso.

[lepefizem Tenmepb K 3aK/OUHMTEJBHOMY 3Tany J0OKasaTellb-
CTBa TEOPEMHI 3.

Ecin 7 comepxutr tonbko Hyab, To L comapaer ¢ D
H, CJIef0BaTeJbHO, H30MOPPHO NMOMIO AeACTBUTENbHBIX Ynces D.
Takum o6pasoM, B 3TOM caydae Teopema 3 BepHa.

Honyctum Tenepb, 4To B / €CTh BEKTOP 2,, OTAHUHLIA OT 0.
Toraa, noJaras

. 2
[ = —20 _ ,
V=2
Mbl MoJydaeM 3JeMeHT (€[, yHOBJETBOPSIOUWHIA YCJIOBHIO
?=—1.
Ecin pasmeprocts mnpocrpaHctBa / paBHa 1, To Beaxuit
anemeHT M3 | 3amucelBaercss B dopme
bi,
rie b— pefictBurtesbHoe uncno. Toriga Kaxabid sjnemeHT us L
3anucblBaeTcss B BHIE
a-tbi.
Takum ofpasoM, B csyuae, KOTJa pasHOCTb BEKTOPHOIO
npoctpanctBa / paBHa 1, Temo L usoMopdHO moso Komi-
JIEKCHbIX uHcen K2.
Honyctum Temepb, 4TO pasMepHOCTb MpocTpaHcTBa [

Gonblie enuHHIBl. Torga B / cyllecTByeT Takasl BeJHYHHA 2y,
4TO Mapa BEKTOPOB

i, 2y
JUHelHO He3aBHCHMA.
Pacemorpum npoussegmenue iz,. Corsacio (17)

izy=a+z.
[Monoxum

j1=2,+al.
Torma Mbl HMeeM

iji=1lz;,—a=2.

[Tonaras

] = _]—1——? )

—n
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N

MBI TOJTyYaeM AJISi j PaBeHCTBO
j2=—1.
Takum o6Gpasom, BeJqHYMHBl [, j YJOBJETBOPSIOT YCJOBHAM
P=—1, 2=—1; i, j€l
CrenoBaTe/IbHO, BeJHYHHEI
i,j,k=ij
B cuny npenyoxenusi C) yIOBNETBOPSIOT Te€M Ke YCJOBHSM,

UTO M BeJWYHHBH #, U, @. TakuM 06pasoM, COBOKYIHOCTDb
BCeX BeJMYMH M3 L, KOTOpEIE MOXHO 3alucaTh B BHIE

x = x4+ xYi + x?j + x%k,

rie x°, x', x%, x® cyThb NeHCTBUTeJbHBIE YHC/A, COCTABJAET
Tejo K* KBaTepHHOHOB.

Ecnun mnpocrpancrBo / uMeeT pasMepHOCTb TpH, TO L
coBmajgaer ¢ Tejqom K¢, T. e. H30MOpP(HO Tesly KBaTePHHOHOB.

HonycruM Temepb, 4TO pa3MepHOCTb HpocTpaHcTBa [
GoJible TpeX, M NPHBeNeM 3TO MNpeANoJoXXeHHe K HpPOTHBO-
peuHuio.

Ecnu pasmepHocTh mnpoctpaHcTBa / GoJblie Tpex, TO
B HeM HafjleTcsl Takas BeJHYHHA 2,, YTO BEKTOPHI

i’ j) k» z2
JNVHEHAHO He3aBHCHMBI. B cuny pasnoxkenus (17) Ml umeeM
iz,=a+x, j,=b+y, kz=c+ae,

rge a, b, c—peficTBuTeNbHBIE YHCMA, A X, Y, 2 NpHHAMLTIe-
xar /. CocTaBUM Tenepb BeJHUHHY

ly=2,+ai+bj+ck.

B cuny (21) I, €1, u B cuny JMMHeHHOH He3aBHCHMOCTH BeK-
TopoB i, j, k, z, umeem [, 3=0.
Kpome Toro,

ily=iz,—at+bk+cj=x-+bk+tcjel

B cuny (21). Touno Ttakxke pokasmiBaetcsi, uto jl; €1 u
kl,el.
ITonoxum Tenepn

Torjaa
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U BeJquuuHnl I, I, il€] yNOBNETBOPSIOT TeM e YCJOBHSM,
4TO M BeJMYMHBl u, U, w B mnpeiyoxenuu C). Tax uto Mbl
HMeeM

il=—1i.
TouHO TakKe JOKasblBaeTcs, 4TO
jl=—1j n kl=—Ik.

Tenepp paccmorpum Benmuuny ilj. Mbl nmeeM
ilj=i(—jl)=—FI,
ilj=—Ilij=—lk=Fkl.

Takum o6pasom, Mbl OPHXOAHUM K BBIBOAY, 4TO 2k[/=0, uro
HEBO3MOXHO, TaK KaK XapakTepucTHka Tena L He paBHa

IBYM.
Htak, TeopeMa 3 MOJHOCTbIO JOKa3aHa.



I'JIABA 6

TOMNOJIOT0-AJITEBPAMYECKHE TEJIA

PaccmorpeHHEle HamMu TpH anreGpaHyecKux Te-
Jla— 1osie NeHCTBHTE/IbHBIX UMCes, [10Je KOMIJIEKCHBIX YHCeJ
M TeJO KBaTePHHOHOB— fBJAIOTCS €BKJHAOBBIMH IPOCTPaH
ctBaMd pasmepHoctH 1, 2,4 coorBercTBeHHO. [locKosbay
B 9THX NpPOCTPAHCTBAX HMEETCs METPHKa, T. €. ONpeJeleHo
paccTOsiHHe MeXAy ABYMsl TOuKaMH (cM. ra. 4), TO HMeeTcs
U MOHATHe cxoauMmocTH. DBynem oGosnauarp Jo6oe H3 Tpex
yIOMSIHYTHIX Tes1 depe3 K. Ecun

Ay Qyy ooy Oy v s

€CThb HEKOTOpas MOC/e0BaTeIbHOCTb 3/EMEHTOB MPOCTpaH-
ctBa K, TO H3BeCTHO, 4YTO O03HAYaeT, 4TO OHA CXOLHTCH
K 3JIeMEeHTY a. DTO 3HAYMT, YTO paccTosiHHe P (a,, a) MeXALy
TOYKAaMH @, H @ C POCTOM n CTPEeMHTCH K HYJIO. DTOT (akT
B BHJe (OPMYJILI 3aMUCHIBAeTCs TaK:

lim a,=a. 1

n —> o

Tot dakt, uTo B npocrpaHcTBe K ompeneseHa CXOIHMOCTb,
Mbl GyJeM BhIpaXaTb, roBopsi, 4To K sBJIsieTCs TOMOJIOTH-
YecKHM MPOCTPAHCTBOM.

Jlerko JoKasbiBaeTcst, 4TO ajreGpaHueckue ONEpaluH,
uMmelolinecss B Tese K, SBJSIOTCS HENPepHIBHHIMH OTHOCH-
TeJIbHO HMelolelicss TaM TONOJIOTHH. Bosiee TOuHO, ecau Io-
CJ1e[0BaTeNbHOCTD

byyby by

3JIEMEHTOB TeJa K CXOJHTCA K 3JEMEHTY b, T. e. ecJu
lim b, =",

n—>®o

TO BBHIMOJIHEHB YCJIOBUS HEMPEPbIBHOCTH OMEpaltil C/I0XKeHHs
H yMHOXeHHs. MMeHHO, HMeIOT MecTo COOTHOLIeHHs

lim (a,+0b,)=a+b, lim a,b,=ab.
n—>®

n—-»o
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3T0 noOKasbiBaeT, YTO ONepalyy CJAOKEHHUsS H YMHOXKEHHS,
umeromuecd B K, SBJSIOTCS HENPepPHIBHBIMH OTHOCHTEJBLHO
Tonosorun umetomeiics B8 K.
Tak Kak onepauuy BBHYMTAHUS U JEJEHHS CBOASTCS
K ONepauusiM B3siTHA IPOTHBOMOJIOXKHOIO U OGPATHOrO 3Je-
MEHTOB, TO HENPepbLIBHOCTb OMEpalMi BbIYMTAHUS U Je/eHUs
MOXKHO c(OpMyJ/IUpPOBATh CJEAYIOMUM 00pasoM:
lim (—a,)=—a.
n— o
Ecmun a4 0, to
lim a;'=a™.
n—> o
Ecan B HekoTOpoMm anreGpaudeckoM Ttese L HMeercsi TO-
MOJIOTHS, T. €, UMEeTCs CXOAUMOCTb, HHa4e rOBOPSl, H3BECTHO,
4TO O3HauaeT cooTHomeHue (1), a omepauuu, HMelLIHECH
B Teje L, HempephlBHEL B OTHOIIEHHH 3TOH TOMOJOTHH, TO
TAaKOe TeJNO Ha3blBAeTCs TOMOJOro-anrefpandeckuM, HJH,
KOpoue, TOIOJOrHUECKHM TEJIOM, €C/JH YXKe H3BeCTHO, 4YTO
MOL TeJOM MOApa3syMeBaeTcsl aarefpandyeckoe TeJso.
Hayuenne TONONOrHYECKHX TeJ COCTaBJSAET 4acTh TOMO-
Joruueckoll anre6pn. MHTepecHeM oOKasbBaeTcs TOT (akT,
4TO TOMOJIOTHUECKHX TeJ CYIIECTBYeT He C/IHIIKOM MHOTO H
M BCE HX MOXKHO 0603pHMBIM 06pa3oM onucarb. B § 18 maercs
aKKypaTHOe Ol pejie/leHHe TOIOJOTHYIECKOro Tesa.
$lcHo, uyTo cooTHomeHue (1) DOMKHO HMETb MECTO, €cJy
BCE 3JEMEHTHl [OC/e0BaTEIbHOCTH

iy Qg vy Uy o oey

HauMHas C HEKOTOPOro HoMepa, COBMAjaloT MexAy coboi.
Ho ecau cooTHomenne (1) uMeer MecTo TOJBKO INPH STOM
YCJIOBUH, TO CYIIECTBOBAHHE CXOAMMOCTH He BHOCHT HHUEro
HoBOro B aire6panueckoe Tejqo L W Tesna ¢ TakoH Tomoso-
ruell Ml He GyJeM paccMaTpHBaTh H He OyJieM HashbIBaTh HX
TOTOJIOTHYECKHMH .

§ 18. Tonojoruueckoe Teno

Kaxk 6h1/10 cKa3aHO B Hayajle HacTosleH IJaBhl,
anreGpanyecKkoe TeI0 CTAHOBHTCS TONONOTHYECKHUM TeJIOM, eCJlu
B HeM Hapsily ¢ aqreGpaHyecKHMH ONepallusIMH HMeeTcs elle
onepauys NPeJeNbHOr0 Mepexoja, NpUUeM ajrebpandeckue
OnepainuH HENpephIBHBl B OTHOILEHHH 3TOrO MPEAENbHOrO me-
pexoaa. Tpu paccMOTPeHHBIX HaMH Te/a SBJAIOTCA eBKJHAO-
BbLIMH NIPOCTPAHCTBaMH, H INpPele]bHEI NMEepexoi B HHX Ompe-
JeJsieTcs NPH IOMOLIH paccTossHusA. Tak uTo AJs onpejene-
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HHSl €r0 HYXXHO 3HaTb PACCTOSIHHE MEXKIY KaXKIbIMH JBYM$
ero ToukaMu. MoxkHO, opHaKo, onpeenHTb NpeNebHbIA Ie-
peXofl, He MOMb3ysiCh PACCTOSIHHEM, T. €. CHOCOGOM, MPHUTOX-
HbIM 1151 OOLIMX TOMOJIOTHYECKHX TeJI,*OJIb3YsCh MPH 5TOM
omepauuedl BblyuTaHus, onpeenseHHofi B K. B camom nere,
yTBEpKIEHHE, UYTO pACCTOSTHHE MEXIY d, H @ CTPEeMHTCS
K HYJIO, PaBHOCHJIBLHO yTBepkKAeHHUIO, UTO |a,—a|— 0. das
TOr0 4YTOGHI OMNPENENHTh ONEpPAalHIo MPeJeNbHOro MNepexosa
(em. (1)), o6osHauum uepes U, COBOKYNHOCTb BCEX 3JIEMEH-
T0B x Tena K Takmx, uto

x| < 1/n. (2)

Tak uro U, ectb map paamyca l/n c uenrpom B Hyse. Lax
TOro uto0bl OBIJIO BHIIOJNHEHO cooTHomeHne (1), HeoGxoauMu
M JOCTATOYHO, YTOOb! BEIIOJHSAJOCH CJELYIOLlee YCAOBHE: st
Ka)kIOr0 HaTypaJbHOIO YHCJA 7 HafijeTcs Takoe HaTypaJsb-
HOe YHCJO r, YTO HOPH p > 7 HMeeM

(a,—a)eU,.

[Tepenecem Temepb 3TO MOCTpPOeHHe Ha Jo6oe Teso L. as
3TOr0 BBEJEM INPELBAPHTENbHO HEKOTODHIE 0GO3HAUYEHHS.

A) Ecsin X n Y —nBa mHoxecTBa u3 L, To uepes X +V
0603HaYHM COBOKYMHOCTb BCEX BEJHYHH BHAA

x+y, rie x€X, yey,
a uyepes X —Y —Bce a1eMeHTH BHJIA
x—y, rae x€X, yevY.

Hanee, uepes XY 0603HaydM COBOKYIHOCTbL BCEX 3Je-
MEHTOB BHJa

xy, rtne x€X, yevy,

a yepe3 XY ™! COBOKYMHOCTb BCeX 3/€MEHTOB BHHA
xy™, rme x€X, yev.

Tak kak npH y=0 BeInHuHHa y~' He oNpelesNeHa, TO B MO-
crennell popmyse GyeM paccMaTpuBaTh JIMIIb Te 3JEMEHTHI
Y €Y, KOTOpble HE paBHBHI HYJIO.

Onpepenenne 3. Ybusarouwas Oeckoreuras nocaedo-
6AMENbHOCIb MHONCECTE

u, U, ..., U, ... 3)
us L, codepacawux nyso mera L u nepecexarouyuxcs moabko
no Hyao,

0 E ljn+1c U';r

o



HQ36I8AEMCA NOAHOL cucmemoll oxpecmHocmell HYAst mMonoao
euueck0e0 meaa L, ecau soinoarenst credyoujue namo Ycaosuil.

a) [aa 6caxoeo HamypasbHoeo 4UCAQ N CYuecmeyem Ha-
CMOAbKO 60AbULOE HAMYPAALHOE YUCAO P, 4O

U,+U,)cU,.

b) s ecaxoeo HamypasvHoeo uducAQ n Cyujecmeyem Ha-
CMOAbKO 60AbLIOE HAMYPAALHOE HUCAO P, YMO

uu,cU,.

c) [ra ecakoeo HamypaabHo20 4UCAQ N CYWeCmeyem Ha-
CMOAbKO 60AbULOE HAMYPAALHOE YUCAO P, YO

—-U,cU,.

d) (Hanmomnum, uyro uepes e oO603HayaeTcs eAUHHIA
tena L.) [aa 6CaK020 HAMYpasbHo20 4UCAQ N CYuiecmeyem
HACMOALKO O0AbLUOE HAMYPAAbHOE YUCAO P, YMO

e+U,)tce+U,.

e) Kakoti 6ot Hu Oobin anemenm a € L, Oaa 6cakoeo wamy-
PAAbHO0 HUCAQ N CYL4ECTBYem HACMOALKO 60AbuiOe Hamy-
panbHOe “ucaAo p, 4mo

UyacU,, aU,cU,.

B) Ilosb3ysick nonHO# CHCTEMOH OKPeCTHOCTeH HYyJs
(cM. (3)), B Tese L moHATHE CXOAHMMOCTH MOXKHO OHPENENHTBh
TOYHO TaK Ke, KaK 370 OblIo clesaHo Aas rtena K.

Onpeneneunune 4. [locaedosamensHocme

Q;, Ay .-, Q

ay e
anemermos u3 L cuumaemes cxodawetica K remenmy a,
lim a,=a,
n—» o

ecat 0aa Kaxn0020 HAMYpPAAbHO2O 4UCAQ N Cyujecmeyem Ha-
cmoAbko 60AbUI0E HAMYDPAAbHOE UUCAO T, HMO Npu p>r

umeem
(ap - a) e Un'

Torpa umeer Mecro Teopema:

Teopema 4. Ecau onpedeaums cxodumocms & L cno-
cobom, yxasauHem 6 B), mo ancebpauueckue onepayuu,
umerowuecs 8 meae L, 0KQ3618at0MCS HenpepolBHOLMU  OMHOCU-
meabHo amoti  cxodumocmu. HMeHHO, ecau uMelOm mecmo
COOMHOUERU 5L

lim a,=a, lim b,=0b, 4)

n—» o n—» o
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mo

lim (a,+b,)=a+b, )
lim (a,b,)=ab, (6)
lim (—a,)= —a. ™

Ecau a==0, mo umeem mecmo coommuouierue
lim a;'=a"1. (8)

n—-» o

Taxkum obpasom, nocredosamervrocmoro (3) onpedeseHa mono-
noeusn 6 mese L.

HoxasatenbctBo. JlokaxeM cooTHowenue (5). Hs
dopmyabl (4) ciexyer, 4TO OpPH [POH3BOJBLHO OGOJBLIOM Ha-
TypasibHOM 4ucJse r HahjgeTcss Takoe OOJbLIOE HATypalibHOE
4HCJIO p, UTO IpU p > r HMeeM

a,€a+U, b,€b+U,.
Torpa

a,+b,€at+b+U,+U,. 9)

B cuny ycnoBust a) onpeseneHus 3 s KaK[Oro HaTypaJb-
HOI'O 4HcJa n HaffeTcss HAcTONbKO G6OJbILOe HATypasbHOE
UHCJIO f, YTO

U,+U,cU,.
Terra us (9) caenyer
(ap+bp)—_(a+b) € Un‘

Taxkum o6pasoM, cooTHowenue (5) AoKasaHo.

HokaxeMm cootHowenue (6). M3 (4) caemyer, uro mis
NPOU3BOJILHOTO HATYPaJbHOTO UHC/IA ¢ HaABJETCS HACTONBKO
GoJIbILIOE HATYpAJbLHOE YHCJIO p, UTO NPH P > r MMEeM

a,€a+U, b,€b+U,.

Torpa ayb, E(a—|—U,)(b—|—U,)—-ab—|—aU +Ub+UU,.
B cuny yc.nosnu a), b) u e) ompepenennss 3 aas BCAKOro
HATypaJbHOTO 4YHCJA 7 HaHJeTcss HAcTOJNbKO 060JbllIoe HATy-
pajbHOE YHCJO r, 4TO

aU,+UbL+U U, cU,.
TakuM o6pasowm,
(apbp—ab) € Um
4, CJeJoBaTeJbHO, COOTHoIIeHue (6) noKasaHo.
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CootHotenue (7) caefyer M3 YCJOBHS C) onpeuenenuﬂ 3
Ilokaxem cootHomenue (8). PaccMoTpum BEJIHUMHY
JlJ'IH 3TOro NpeiBapHTeNbHO PAacCMOTPHUM OOpaTHyio el Be.rm-
uuHy a~'a,. M3 cdopmyasr (4) crepyer, 4To A/ TPOH3BOJL-
HO GOMBILIOro HATypaJbHOTO YHCJIA ¢ HaHZeTCs HACTOJIBKO

60/pI1I0€ HATYpAJbHOE YHC/IO P, UTO

apEa—l—Uq.

,E[anee, JJi1 TIPOHU3BOJIBHO 60JIbIIOT0 HaTypaJsibHOro 4yucJ/a 3§
HaleTcss HACTOJIbKO GOJIbLIOE HaTypaJibHOE YUCAO ¢, YTO

at@+Uy)=(e+a'U)ce4U;

(cm. e) omnpenenenusi 3). Orcioga nosayyaem, 4ro npu Jo-
CTaTOUHO GOJBIIOM HATYPaJbHOM p BBLINOJAHAETCH BKJIOUEHHE

laﬂ (e+Us)
B cuny ycaoBusa d) onpegenenuss 3 u3 3TOro clienyer
a;lace+U,,

rpe r—Inpou3BOJIbHO 6oJibLIoe HaTypaJbHOE YHCJIO, €CIH p
JOCTATOYHO BEJIHKO. I[a.nee, MbI HMeEEM

(agra—e)eU,, (a;'—a"")eU,a ™

B cuny ycaoBus e) onpepesnenust 3 /s NPOU3BOJIBHOTO
HATYPaNbHOrO YHCJAA 1 HaHAeTCs] HACTOJbKO GOJbLIOE HATY-
paJibHOe YHCJO 7, 4TO

-1
U,atcU,.

Taxum obpasom,
(ag*—a Y eU,.

U, caeposatenbno, coutnomenne (8) nokasano. Mrak, teo-
pema 4 pokasaHa.
C) OxaspiBaercsi, 910 CHCTEMa OKPeCTHOCTeH

Uy Uy oy U (10)

onpeje/eHHas B JIOOOM H3 TpeX paccMOTpeHHBIX Ten K co-
OTHOLIEHHEM (2), YHOBIETBOpSIET BCEM YCJOBUAM OIpenele-
Husa 3.

IlokaxkeM 3To yTBep:kIeHHe. Mpl uMeeM 1J1s1 okpecTHO-
creit (10)

ny

u,+U,cU,
.rae p>2n. U3 artoro chaeayer ycjoBue a) onpenesneHus 3.
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Hanee umeem
U,U,cUp.
W3 storo crenyer yciosue B) ompenenenust 3.

Hanee vMeeMm
—U,=U,.

M3 sroro cienyer ycmonue c¢) onpezenenus 3.
Hanee, ecmn a—npouspoabnbiil snement Teaa K u x € U,
TO

lax|=all x| <|al.

CnenoBatesbHo, NpH p Gomrumx nla| BEIMONHAETCS YCJORIE
€) U3 onpepeserus 3.

[TycTb X —TpOM3BOJILHBIA 3NeMEHT OEpeCTHOCTeH U,
(cm. (2)). Tornma MHOXKECTBO

e+U,)
COCTOMT W3 BCEX JEMEHTOB BHIA
e+ x)~u
Ho Mp1 umeem
(e+x)yt=e—x-txt—x24 ... (1n

Dra dopmysia, M3BeCTHAs ANA JEACTBUTEJbHBIX U KOMIJIEKC-
HBIX Yuces, BepHA TaKxke W A KBATEDHUOHOB, TaK Kak
BCE KBATEPHHOHBI, BXOJAIIHE B Hee, NePeCTAHOROUHBI MeKAY
co6oit mpu nepemuoxenuu. Popmyna (11) moxer GuiTh ne-
penHcaHa B BHJE

(e+x)"t=e+y,
rie Y= —x-+x*—x3-4 ..., Tak 4TO

1
n—1°

1 1 1
W<4+z+m+...=
Takum o6pasom,
(e+Un)—lee+Un—i‘

Ma artoro BeTekaer ycsoBue d) onpenenenus 3.

§ 19. Tonosoruueckue mOHATHS
B TOMHOJIOTHYECKOM Tede L

3pech B Tomosoruyeckom tene L Gynayr Bme
JIeHbl TOTOJIOTHUECKHE NOHATHSA, OOWENPHHATHIE B TONOJOMHH
8HaHHe KOTOPHIX, OJHAKO, B STOH KHHIe He NpeAnoJaraercs
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A) Ilyetb M -—HeKOTOpOE MHOMKECTBO 3JIEMEHTOB MpPO-
crpanctBa L. Toury a € L GyneM HasbiBATb NpelesbHON st
MHOxecTBa M, ecnu B MHOXecTBe M Hafijercs nocsenosa-
TeJIbHOCTh

Qpy Qgy ooy Qyy oos

nonapHoO pas/MYHBIX JJEMEHTOB, CXOAALIHUXCA K 3JEMEHTY a.
MmuoxkectBo M nasniBaercs 3aMKHYTBIM, €CJIM BCe€ €ro mnpe-
AeJbHble TOYKH TMpHHALJNEKAT €eMY. an/IC()eJ.II/IHHH K Tpous-
BOJIbHOMY MHOXKECTBY M Bce ero fnpeJejbHble TOUKH, MBI
NoJIly4uM 3aMblKaHHE MHOXKeCTBa M, KOTOpoe 0003HaYaI0T

uepes M. Ecau muoxectBo M BOoOGIIe HE UMeET NpefebHBIX
Toyek, TO uepes M oGo3Hauaercss oHO camo. MHoxkectBO M

HasbiBaeTcsl 3aMKHYTHIM, ecau M = M. OkaswiBaercs, 4T
3aMbikanne M Joboro MHoxkecTBa M 3aMKHYTO, T. €.

M=M. (12)

Jloka3aTesbCTBO 3TOrO COOTHOLIEHHUS! NPOCTO, HO OHO IPo-
Mo3zko. Iloatomy s maM TOJIBKO HEKOTOphIe YKa3aHHsA, Kak
€ro NpOBECTH.

ITycts

by, by, eeuy by, e (13)

— TOCJ/IeI0OBATEILHOCT MONAPHO PpA3/JIMYHBIX Touek H3 M,
cxopsmasics K Hekoropo# Touke b. TpeGyercs jnokasaThb, 4TO

be M. Bes HapylueHus: OOIIHOCTH Mbl MOXEM CYHTaTh, YTO
BCe TOUKH mocjenoBatenbuocTd (13) He npunapnexar M.
K xkaxno#t Touke b, CXOAUTCSA HEKOTOpAs MOCJELOBATENbHOCTh
B, momapHo pasiHYHbBIX Todek u3 M.

B mnocnenoBatensHocTH B, BbOepeM HEKOTOPYIO TOUKY
JOCTATOYHO BBLICOKOTO HOMEPa B 3TOH MOCJEL0BaTENbHOCTH I
ofo3HayuM ee uepes ¢,. Toraa Mbl NOJY4HM MOCJEA0BATEb-
HOCTb

Ciy Coy ooy Cpy

nonapHO pasJMYHBIX TOueK MHOxectBa M, cXomsiyiocs K b.
Taxkum o6pasoMm, b ectb mnpejenpHas Touka Aas M, u coot-
nowrenue (12) mokasaso. Tak ycTanaBiMBaercsi, 4To MHOKe-
ctBo M 3aMKHyTO.

B) Muoxectso Q mpocrpaHcTBa L HasbiBaeTcss KOMNAKT-
HBIM, ecJM Kaxjoe OecKOHeUHOe MOAMHOXKecTBo M MHOMKecT-
Ba Q uMeeT XOTs Obl OFHY NPEAE/bHYIO TOUKY, NpHHALJe-
Kaimyo Q.
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C) Tomosioruueckoe Teno L HasbIBaeTCsl JIOKAJbHO KOM-
NaKTHBIM, €CJH CYLLECTBYeT OKpecTHocTb Hyas U, mocseno-

BatesJbHOCTH (3) mnpocTpaHcTBa L, 3amblkanue kortopoii U,
KOMITaKTHO.

D) 3amkHyToe OGeckoHeuHoe MHOKecTBO M n3 L Haswl-
BaeTcsi CBSI3HBIM, €CJIH €ro Hesb3sl NPeACTaBUTb Kak 00bepu-
HeHHe IBYX HENYCTHIX 3aMKHYTBIX NOAMHOXecTB M; u M,,
He HMMEIWMX OOMUuX ToueK. ITo 8HauuT, 4yto M Heab3d
paséuTh Ha CYMMY [IBYX B3aMKHYTHIX HeNepeceKamomux Moji-
mHoxects M, u M,.

E) OxkasbiBaetcsi, 4yTo BCE TPH pPaCCMOTPEHHBIX HaMH [0
cux mop Tena K, T. e. nose meHCTBUTENbHBIX UKHCeJ, MOJe
KOMIIIEKCHBIX YHCeJ M TeJO KBaTePHHOHOB, JIOKAJbHO KOM-
nakTHbl H CBsA3HBEL. Tak Kak BCe Tpu Tesa K SABJISIOTCS €BKJIH-
JOBBIMH TNPOCTPAHCTBAMH, TO Mbl IpEANOLLIEM 0Ka3aTellb-
CTBY npenjioxkeHuss E) pacCMOTpeHHe £1-MepHOrO eBKJUAOBA
npoctpaHcTBa A", COCTOAIIETO M3 BEKTOPOB

x=(x' X% ..., X").

Mo npumeM 6e3 Jl0Ka3aTesbCTBa, 4YTO MHOXKECTBO IeHCTBH-
TEJbHBIX YHCEJ

—1<i<l

AIBJISIETCS. MHOXKECTBOM CBSI3HBIM H KOMNAKTHBIM.
B npocrpanctBe A" paccMoTpuM KyG Q, onpepesseMbiil
YCJIOBUAMH

1<y, i=1,2, ..., n

H J0KaxeM, 4TO KyO 3TOT sBJSIETCA KOMIIAKTHBEIM MHOXKeCT-
BoM. B xy6e Q paccMOTpuUM GeCKOHEUHYIO INOCJef0BaTesb-
HOCTh MONApPHO pa3JUYHBIX TOYEK

Xiy Xy ooy Kpy oo (14)
Ilyctb
i, xb, oo %, ., i=1, .., n (15)

— nocJefioBatesbHOCTh {— X KoopauHaT Touek (14). 3ame-
THM, 4TO BCE YMCJIa STOH MOC/ELOBATEJbHOCTH NPUHALIENKAT
otpesky —1<{¢{<{1, Kortopmili kommakren. IJostomy wus
nocsieoBateibiocty uncea (15) npn i=1 moxHO BbIGpaTh
CXOASAILYIOCS MOANOC/e0BaTeNbHOCT X!, KOTOpas, Booblie
FOBOpsI, HE COCTOHT H3 MOMApPHO Pas3jHYHBIX YHCE.
[ocnenoBarenbuocts X! COOTBETCTBYET NOANOCHEN0BA-
TenbHocTH Y* BexkTOpoB (14). Brophie xoopaunaTthl mocseno-
BAareJbHOCTH Y €OCTaB/AAIOT MOCJeA0BATeNbHOCTb  YHced,
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NpHHAJJIEKAHUX OTpesky — 1 <t <C 1 W3 mnocaenosatenn-
HOCTH 3THX BTOPHIX KOOpAWHAT BhiGepeM CXOASILYIOCH MOA-
N0CJIEIOBATEJNBHOCTb, KOTOPOH COOTBETCTBYET NOANOCJIEAOBA-
TeJLHOCTh Y2 mnocJslefioBaTesnbHOCTH BeKTOpoB (14). Tlpomon-
}Kafl Tak, NOJYYHM TIOANOCJTENOBAaTeNEHOCTh Y” MOCJ/€eN0Ba-
TeNIbHOCTH BeKTOPOB (14), cxoasmylocsi K HEKOTOPOH TOUKe .
Takum 06pa3oM, YCTZHOBJNEHO, Y10 H3 TOCJELOBATEJLHOCTH
fonapHO pasjHuHbIX BEKTOPOB (14) MoOKHO EBIOpaTh moAmo-
CJIe0BAaTeNbHOCTb ¥, CXOASUIYIOCS K HEKOTOPOMY BEKTODY Y,
npuHajnexamemy Ky6y Q. M3 storo HeflocpeACcTBeHHO Bbi-
Tekaer, 4To Ky6 Q komnakten. B camom nesne, ecain M —
HEKOTOpoe OeCKOHeYHOe MHOXKECTBO Touek Kyba @, To us M
MOXKHO BHIOpaTb HEKOTOPYIO IHoOCJeoBaTebHOCTh (14) mo-
napHo pas3JMUHBIX BeKTopoB. [lociefoBaTesbHOCTH 3Ta CXO-
JUTCSI K BEKTOPY Y M TOTOMY fABJseTCs NpeleNbHOH TOUKOH
IJisi MHOXKecTBa M, a 3TO W O3HauaeT KOMIAKTHOCTL Ky6a Q.

B KkaxjoM H3 Tpex eBKJHIOBHIX HOpocTpaHcTB K, cooT-
BETCTBYIOLIUX TPEM paccMOTpeHHBIM TestaM K, Ky6 Q siBasi-
eTcsl KOMIIAaKTHBIM MHOXecTBOM. JIo6asi OKpecTHOCTh BHJA
g p (eM. (2)) mpunapiexut xy6y Q, a NMOTOMY 3aMbiKanue ee
U, komnakTHo. Takum o0GpasoM, BCe TPH DaccMOTpEHHbIX
Tesa K JIoKaJbHO KOMIAKTHAI.

Hokaxem Temnepb, UYTO €BKJHAOBO IPOCTpPaHCTBO A"
cBsisHO. JlomycTHM NPOTHBONOJIOKHOE, T. €. UTO €r0 MOXKHO
pasbuTh Ha JBa 3aMKHYTHIX HelepeceKaloMXCA MHOXKeCTBa
M; n M,. PaccvoTpuM Tenepn B npocTpaHcTtBe A" mpsmo-
JNHHEHHBIH OTpe3oK

x(l)=(é~—%t>x_1+<%+%t)xi, —1<t<1, (16)

Takol, UTO HauajbHas TOUKa oTpeska x(—I1)=x_; npuHazn-
gexur M,, a xomen orpeska x(l)=x, TOpHHANIEKUT
M,. Tlepeceuenue paccmarpupaemoro otpeska (16) c¢ M,
o6o3naunM uyepes M, a mepeceueHHe 3ITOro OTpe3Ka
¢ MHoxectBoM M, oGosHaunm duepes M,;. MuoxectBa M; u
M, sABnAOTCA 3aMKHYTHIMH TOJMHOXKeCcTBaMH otpeska (16).
Tax Kak npocTpaHcTBO A” pacnanaercss B CyMMY 3aMKHYTHIX
genepecekaomuxcs mHoxects M; u M,, To oTpesok (16)
pacnajscsi B CyMMy 3aMKHYThIX HENEepPeceKaloUUXCs MHO-
weetB M; u M;, a 3TO MPOTHBOPEUUT MPEANONOKEHHIO
0 TOM, 4YTO OTPE30K 3TOT €CTb CBSI3HOE MHOXKECTBO.

Hrak, nokasaHo, uTo /060 €BKJUJOBO BEKTOPHOE IPO-
crpanctBo A" cBssHo. CiiefoBaTesbHO, H BCE TPH paccMoT-
pennble Hamu Tesa K CBSI3HBL.

Hrak, yreepxaenne E) nokasano.
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F) INocnenoBarenbuocrs,
iy gy vovy Qpy v v (17)

5/IeMEHTOB TOMNOJIOTHUECKOro Tena L HasbiBaeTcs HOC/eN0BA-
TesbHOCTRIO Koud, ecjiu /s BCSKOI'O HATY pasibHOTO YHCAA 1
MOXKHO HaHTH HAacTOMbLKO O60JblIOE HAaTypablioe YUCIO 7,
yTo npu p >r, ¢ > r HMEEM

(a,—ayeU,.

OxaspiBaercsi, 4To ecau nocniefosarenbHocTh (17) cxopures
B TOMOJIOTHYECKOM Teje L, TO oHa SIBJISIETCS MOCJeLOBaTelb-
noctbio Ko, Oxmako mocnenorarensuocts Komu He Beerga
cxonutesi. Ho ecoy kakasi-nuGyip ee GeCKOHeUHas MOANOCHACKO-
BaTeJbHOCTb CXOAMTCSI, TO CaMma MOCaeAcBare]bHOCT, Komu
TOXKe CXOJUTCS.
Hokaxem, uto ecau nociaerosatenpHocts (17) cxommres,
TO OHA fBJSETCS MOCJaeAOoBaTEAbHOCTHI0 Ko,
Ecan
lim a,==aq,
n->
TO M3 3TOTO CJNEAYET, UTO AJisl BCAKOTO HATYPAJILHOIO YHCJA S
HafJeTcsl TaKoe HaTypasibHOe YMCJO 7, UTO NPH p >r, ¢ > r
HMeeM

(a,—a)e U, (a,—a)eU;
(cm. B) § 18). Orcrona
a,—a,=(a,—a)—(a,—a)€U,—U,.

Ho Ttorga B cHay ycJioBHil a) H ¢) onpeiesieHuss 3 NpH jo-
CTaTOYHO GOJBLIOM S HMeeM

(Us"‘Us) < Un,

re n—TIpoU3BOJbHO 60JbLIOE HATYPAJbHOE UHCIO.

Takum ofpasom, 10Ka3aHo, 4TO MOCJHENOBaTeIBHOCTD (17),
CXOAAAACA K JJEMEHTy @, fBJAETCS IOCJAENOBATENHHOCTHIO
Komm.

HoxaxeM Tenepb, 4TO €C/IM MOC/aeNOBaTenbHOCTh (17)
ecThb mnocsenoBatesbHocTh Kown, a Hekoropas ee GeckoHeu-
Has TO/NOCHAEL0BATENbHOCTD CXOAUTCS K 3JIEMEeHTY a, TO caMa
nocJjeoBaresbHOCTh (17) cxomutess K 3ToMy aneMeHTy. Tak
KaK HeKoTopas 0ecKoHeuHas MOANOC/Aef0BATeAbHOCTh I10C]e-
JoBaTesnpHOCTH (17) cXonuTCs K @, TO B IOCJIENOBATE/BbHOCTH
(17) cymecTBYIOT 3/1eMEeHTHl C NPOH3BOJBEHO GOJIBIIHMH HOME-
paMu p Takue, 4TO

(ap —a) E US7
94



Tle S—IPOU3BOJbHO GOJBIIOE HATYpPAJpHOS YHCIO. Tak Kak
nocsenoBatesbHOCTh  (17) sABAsiETCA  MOC/IENOBATENBHOCTHIO
Komu, T0 1151 HaTypa/sbHOTO YHC/JA S CYLIECTBYET HACTOJIBKO
foJibllioe HATypa/JibHOE YHCJO 7, YTO NPH p > 7, § > r HMEEM

(a,—a)) €U,
Tak kax

(ap '—"a) € Usy
TG

a,—a=(a,—a,)+(,—a)€ —U ;4 U,

Takum oGpasoM,
(aq —‘a) € Urn

u nocsaefoBaTenbHOCTh (17) cxomutes K a.

G) Tomnosornueckoe Teo L HasbiBaeTcsi MOJHBIM, eCJ/H
BcAkas nocsegoBaresnbHocTh Kowmun B Hem cxopurcs. Oka-
3bIBaeTCH, YTO BCAKOE JIOKAJbHO KOMINAKTHOe Teso L siBjserca
TIOJIHBIM.

Ilyctp

Aiy A5y ooy Bpy oo (18)

— HeKoTOopasg nocijefosatenbHocTh Kownm Tema L. Torga
COrJIaCHO OmlpejiesieHHIo nocjenoBatesbHoctd Kowm (em. F))
PasHOCTb @,—a, TPH JOCTATOYHO GOJBUIMX p U ¢ TPHHAL-
JIEXKUT HEKOTOpOoH okpectHoctw U, Hynd Ttena L, mpuuem n
MOXKHO BbIGpaTh Tak, uro6bl U, Gblnio kommakTHeM. OTtciona
BLITEKAET, UTO U3 3JIeMeHTOB nocseposatenbHocTd (18) mocra-
TOYHO BBHICOKOTO HOMEpa MOKHO BBIOpaTb TaKOf 3JeMeHT c,
YyTO MpU AOCTATOYHO OONBIUUX p U ( HMeeM

(a,—0)€U,, (@,—0€U,.
Tak kak U, KOMNAKTHO, TO U3 1O0C/eJOBATeIbHOCTH
(a;—0), (@—C), ..y (@p—0), ... (19

MOXHO BBIGPATh MOANOC/IEN0BATELHOCTD, CXOAAMLYIOCS K HEKO=
Topomy snementy b€ U,. M3 Toro, yro mocienoBaTesbHOCTh
(18) ects mocaenoBaTenbHOCTE KoL, HENMOCPEACTBEHHO CJie-
AyeT, yTO nocJefoBaTtespHOCTh (19) Takxke saABasercs mnocie-
JosaTenbHoCTbIO Komn. A Tak Kak HeKoTopas ee GeCKOHeYHas
TOJITIOCTIeI0BATe/IbHOCTD CXOAUTCS K aneMedty b€ U, To cama
nocnezoBatenbocth (19) cxomurea kK b. Orcioga caonyer,
4yTo mnocsefoBaTesbHOCTL (18) cxomutca K asemeHty b 4-c.
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W3z npennoxenns G) ciepyer, uTo BCE TPH PacCMOTPeH-
Hbie Hamu Tesna K siBsiiorest moqHbiMH (eMm. E)). [lpusenem
Terlepb MNPHMEP HENOJHOTO TOMOJNOTHYECKOro Tesa. Takum
NpUMepoOM $IBJISIETCS COBOKYNHOCTb R BCeX palMOHAJbHBIX
yucen € cucteMoi okpectHoctell Hyas (2). Ilpuuem U,
COCTOMT M3 BCEX DPallMOHAJbHBIX YHCEN X, YJOBJETBOPSIOMHUX
yenouio | x| < 1/n. D10 Te ke caMble YCJIOBUS, KOTOPHIMH
onpesiesieHsl  okpectHoctH U, B none D JefiCTBHTENbHBIX
ypces. B sToM cmblcsie Tomosornueckoe mose R paunHoHab-
HBIX YHCceJ sBJfeTcs noAnoseM nosas D JefcTBUTENbHBIX
uncesn. Ecau Tenepn

Qpy Qgy o vvy Qpyy oo (20)

— HEKOTOpas MOC/eNOBATeNbHOCTL PALHOHANBHEIX  YHCE,
yaoBaersopsiomas ycaosuto Kolld, TO Kak COBOKYMHOCTb
sneMenToB Tena D oHa cxoaurcs K udcay a. Eciu a me siB-
JisieTcs NeHCTBUTE/bHBIM YIIC/IOM, TO MOC/I€L0BaTeNbHOCTD (20)
He CXOIMTCA B TOMOJOTHYECKOM Tesle R U, CJ/ie10BaTe/IbHO,
TONOJIOTHYeCKOe Telno R He sBisercs mnonswsM. Tonosoru-
ueckoe Teso D, cozepxkauiee B ceGe TONOJOTHYECKOE Teso R,
siBJisieTcsl nonoJiHeHHeM R 1o nosHoro Tesma D B ToM cMbicae,
YTO KaXKIplfi 3JeMeHT Tena D siBisercs NpelesbHBLIM s
HekoTopofi moc/enoBareabHocTd Komu us tena R.

B § 21 Gyaer nana apyras TONOJIOrUs B Tejle PalMOHANb-
HBIX uuces R, mpuBoAfllee K APYroMy MONOJNHEHHIO Teqa R
JO TOJIHOTO Tesia, OTJIHYHOTO OT Tesa JEHCTBHUTENbHBIX 4ucell.

§ 20. Teopema exMHCTBEHHOCTH

JelicTBUTEIbHBIE ¥ KOMIIEKCHBIE UYHCJIA BO3-
HHUKJIH B MaTeMaTHKe B pe3yJbTaTe MNJIUTENbHOTO Pa3BUTHS
TNOHSATHS YUC/IA B OCHOBHOM M3-3a IOTPeCHOCTEH MNPaKTHKH, "
a yaCTH4YHO B pe3yJ/bTaTe JIOTMKH PasBUTHS CaMofl MaTema-
THKH. Heo6x0auMOCTh CUHTAaTh MPEAMETHl BbI3BaJa MOSIBJICHUE
HaTypasbHbIX, T. €. TOJOXHUTEJbHBIX LeMbX uncel. JIpoGu
TIOSIBHJIMCh TIPH TOPTOBLIX pacyeTax M NPH H3MEPEHHAX Be-
guuud. Pasputue reoMeTpuH TPHBENO K BHISICHEHWIO TOro
daxTa, 4TO AUAaroHaJb KBaJpaTa CO CTODOHOH €IMHHIA He
MoxKeT OBITh H3MepeHa TOUHO palMOHAJBHBIM YMCJIOM, XOTS
MoxeT OBITh H3MepeHa UM C NPOH3BOJIbHOH TOYHOCTBIO. Takum
o0pasoM, BHyTpeHHee Da3BHTHE MaTeMaTHKH TMPUBEJNO K 1I0-
SIBJIEHUIO JAJIMH, HEM3MEDHUMBIX IPH TOMOIIM PaIlMOHAJbHBIX
yrces. CnenoBaresnbHO, M3 BHYTPEHHHX MOTPeGHOCTEH MaTe-
MaTHKH BOZHHUKJ/M HEpalHOHA/MbHBIE YHCJA, KOTOPbIE CTaJH
Has3bplBaTh HPpPaLHOHAJLHBIMU.
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Buauasie nosiBU1ach NOTpeGHOCTb. JIHLIL B HEGOJBIIOM
KOJIHUECTBE HPpallMOHAJbHBIX UYHCeJ, HO TpeOOBaHHE JIOTH-
4yecKOH CTPOHHOCTH MAaTeMaTHKU NMPUBEJIO K NOCTPOEHHIO BCEX
NEACTBUTE/IbHBIX uYHces. B yacTHOCTH, 1JIs CTPOMHOCTH Marte-
MaTH4eCKOH TeOpHH ObLIO OUeHb BaKHO, YTOOBI BCsiKast mocJie-
noBaTesabHocTh Kowwn cxomunack. Ho mis  paunosanbHeix
ypces1 370 HeBepHo. [locsenoraTtenbHocTs Komn pannonans-
HBIX YHCEJ MOXET He CXOAMTBCA K DPaLMOHAJbHOMY UHCIY,
OHAa CXOAUTCA K JefCTBHTENbHOMY uHuCIy. TakuMm obpasoM,
110Jle PallMOHAJbHBIX UYUCeJ HYXKHO ObLIO JOMOJNHUTH IO MOJIs
LeAcTBUTENbHBIX uKcea. OtpuiaTenbHble 4YHCaa TOSBHJINCDH
B OCHOBHOM M3 BHYTpEHHHX MaTeMaTHUECKHX CO06GpaKeHui
ISl TOrO, uTOObl BbIUMTaHHWE Bceria ObLIO BOSMOXKHO, XOTS
OTpHLATEJbHbIE YHCJA HMEJIH U MNPAKTHUECKOE TOJKOBAHHUE.
MoxHO ObLIO TOJNKOBAaThb OTPHLATEJIbHOE UHCJIO KaK JOJT.
KomnsekcHble 4ucja BO3HUKJM M3 BHYTPEHHHX MaTeMaTH-
yecKHUX coobparkeHHH, TaK KaK NPU HEKOTOPBIX BHIYHMCJECHHUAX
OsIBUJIaCh HEOOXOJMMOCTb H3BJEKaTb KBAjpaTHble KOPHU M3
OTpULlAaTEJNbHBIX 4Yuces. KoOMIIIEKCHbIE YHC/A ONpaB/bIBAJNChH
B 3HAUNTEJIbHOH CTemeHU elle W TeM, Y4TO BCSIKHH MHOrOYJIeH
C JeHCTBUTEeNIbHBLIMU KO(Q(QHLHEHTAMH BCETAA HMEET KOPEHb,
OBITbL MOXKET, He JeHCTBUTENbHBLIH, a KOMIJEeKCHbIH. Komnaekc-
HEIe 4HC/1a MO3BOJIM/IM OYEHb CHJBLHO YNPOCTHTb HEKOTOPbIE
BLIYHCJIEHHA W JaJd HOBYIO TeOPHIO KOMILJIEKCHBIX (YHKLHEIH
KOMIIJIEKCHOTO IM€PEMEeHHOr0, Hrpaiollyl0 BaKHYIO MPaKkTH-
YeCKYIO U TEOPETHYECKYI0 poJb. TakuM o6pasoM, neHCTBH-
TeJIbHble ¥ KOMILJIEKCHBIE YMCJa SIBJSIOTCS NPOLYKTOM HCTO-
pUYECKOr0 pasBHTHA MaTeMaTHKH. KparepHuOHbl Gblid Iio-
CTpoeHbl M3 0000aTeNbCKHX CooOpaxkeHuH. Irto Gblia
nonbiTka o60OINTL KOMIJIEKCHBIE YHCJa, HO OHA HE JaJa
IIEHHBIX Pe3yJbTaTOB, TaK KaK OTCYTCTBHE KOMMYTaTHBHOCTH
He JaeT BO3MOXKHOCTH pa3BUThb TEOPHIO KBATEPHHUOHHBIX
¢dyHruuit. ITo cpaBHeHHIO ¢ TeM 3HayeHHEM, KOTOPOE HMEIOT
LeHCTBUTEJNbHbBIE ¥ KOMIIJIEKCHbIE YMC/a B MaTeMaTHKe, PoJib
KBATEPHHOHOB HHUTOXKHA.

Tak Kak neficTBHTENbHbIE H KOMILJIEKCHBIE YHC/A NMOSABUINCH
B MareMaTHKe B pe3yJsbTaTe ONpPEeAEEeHHOr0 MyTH pasBHUTHS,
KOTOpBIH Mor 6bl oKasaTbcsg M APYTHM, TO BO3HHKAET €CTECT-
BeHHBIH BOIPOC: He MOl JIM 3TOT JAPYToH NyTb pasBHTHS
NpUBECTH K JAPYTHM YHCJaM, aHaJOTMYHBIM JeHCTBHTE/IbHBIM
W KOMIJIEKCHBIM, HO BC€ ke K apyruM? s Toro urobmr
PEeLIUTb 3TOT BONPOC, HYXKHO TOYHO CEOPMYJMpPOBATh Te Tpe-
6oBaHMs, KaKhe CJHeNyeT NMpPeabsBHTb K OOBEKTaM, KOTOpbie
MOTrJIH Obl MIpaTh POJb UHCEJ, W BHICHHTb, CYIIECTBYIOT JiH
Jpyrue CHCTeMbl OODBEKTOB, YAOBJETBOPSAIOIWME 3THM TpeGO-
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‘BauusM. He Tpyzso mnpufith K yOexueHWio, YTO CHCTeMa
0GBEKTOB, VIOB/METBOPSOMAs TPeOOBaHUAM, NPelbsBJIAEMBIM
K YHCJaM, JOJIKHA MPENCTaBJATh COGOH TOMOMIOTHYECKOe TeJIO.
Eciy DOMOXKUTH HAa 3TO TeJO €llle JONOJHUTEbHbe TpeGoBa-
HMS O JIOKaJbHOH KOMIAKTHOCTH M CBSISHOCTH, YTO JOBOJIHHO
€CTECTBEHHO, TO OKAa3BIBAETCS, YTO HMEET MECTO CJeAYIoIast
TeopeMa, Koropasi Obiia JokasaHa MmHowo B 1931 roxy.

Teopema bB. Bcsakoe 10KAAbHO KOMNAKMHKOE CBA3HOE
monoaoeueckoe meao sBAfemcs aubo nosem OelicmeumenbHoix
yucen, b0 NoNeM KOMNACKCHOIX 4ucer, Aub0 meiom Kea-
MEPHIOHOS.

Teopema 3ra moKasbiBaeT, B YaCTHOCTH, UTO JACHCTBHTE/b-
Hble U KOMIJIEKCHBE YHCJA $IBJSIOTCA He CJayYaHHBIM mpo-
JYKTOM HCTOPHYECKOTO Ppa3BHUTHS, a [0 HeOOXOAUMOCTH
BO3HUKJIH B MaTeMaTHKe Kak eJWHCTBEHHHble OGBEKTHl, MNpH-
ToJHble K YNOTpeGJeHHIo B POJIH 4YHCes.

§ 21. p-apuyeckne umciaa

CosorynHocts R BCeX palMOHAJNBHBIX WYHCEN
COCTaBJISIeT MOJIE B CHJIY TeX MPaBUJI CJOXKEHUS W YMHOXKe-
HHSI, KOTOpPEE B HeM ompenenenbl. [Ipu atoM HyJeM cloxeHHs
SIBJISIETCS YHCJIO HYJIb, a €LUHMIEH YMHOMKEHHS — UHCJIO efH-
HHUIIA. p-aJyecKye 4ucJ/a MOSBJSIOTCH B pe3yJ/bTare BBeJeHH
B nose R cBoeoGpasHOH TOMOJIOTHH, 3aBUCAlleH OT 3ajlaH-
HOr0 MpoCTOro umcsaa p. MHTYUTHBHBIA CMBICJ 3TOH TOMOJOTMH
8aKJIIOYAETCH B TOM, YTO palMOHA/bHOe 4YHUCJAO 7 CUHTAeTCS
TeM MeHbIUe, 4eM JIyullle OHO JAeNHTCS Ha 3afaHHOEe MNpocToe
4HCJI0 p. 3anuileM YUCa0 r B ¢opme

r=pn @1

3nech b—mHaTypajbHOE YHCJIO, He Jensileecs HA p, a a—
NpPOKM3BOJIbHOE Liesioe 4uca0. UHeao n MOoxKeT GBITh MOJIOKH-
TeJNbHBIM, OTPHUIATENBHBIM HIH HyJeM. Ecau uncio a genurcs
Ha p, TO NOKas3aTelb 7 MOXHO YBEJHUYHTb, BHIHECS MHOXH-
TeJb U3 a. PauuoHa/lbHOE YHMC/AO 7 CUHTAETCS TeM MeHblie,
ueM GoJiblue Liesioe yucao 7. PopManbHO 3TO OCYLIECTBISETCS
BBeIeHHEM B noje R cHCTeMBl OKpecTHOCTefl HyJis, YAOBJET-
BOPSIIOMIUX Ol peleseHuio 3.

A) TlocrenoBarebHOCTD

Uy, Uy, ooy Uy, o, (22)

gurypupyomas B ONpeleNeHUH 3, 3aJlaeTcs CJEAYIOUUM
o6pasoM. Oxpecrrocts U, cuuraerca cocrosiiedl H3 BCeX
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auces euaa (21) ¢ sagenusm n. HonocpeacTsenHo BuiHO,
YTO HBOCJIEROBATENbHOCTh (22) yOpiBaiomass H 4YTO HyJb #AB-
JiseTcsl eIMHCTBEHHOH ofimell TOUKOH BceX MHOMXeCTB (22).
OxasbiBaeTcs, YTO JJisl TOCJELOBATENBHOCTH (22) BBINOJNHEHb
BCE YCJI0BHUSI ompeleseHus 3.

Lloraxem 210 yTBepxienue. Ilyctb r; W r,—zBa uncna
u3 oxpecruoctd U,, TaK 410 OHM MOIYT GbITh 3aNHCAHBI
B BHJe

ay Q.
ri::.z'.;.pﬂ, ré—_—-b_:— n.
Mpr umeem

arby b1ty
ritri= 9102 pe

M3 atoft gopMynsl ciaepyer
U,+U,cU,.

Ho vak Kak 0€U,, TO BMeCTC NPeAbLIYLIIEro BKIIOUCHKS
UMEEeT MeCTO PAaBEHCTBO

Un + Un = Un'

M3 3TOro CcilefyeT, 9TO YCJIOBUE &) ONPEEIEHUs 3 BHIIOIHEHO.
Janee, Mbl nMeeM

ay
rir3=——r p¥.
b1b

Takum o06pazoM, MNOJIyyaeM
Uu,u, c Us,.

TakuM o6pasoM, ycaoBHe b) onpejenenust 3 BbIIOMHEHO.
U3 zamucu (21) uncaa r cienyer, 4To ecyu r € U, to—reU,.
TakuM 06pa3oM, Mbl HMeeM

—Un= Un'

D10 3HAYHT, UTO YCJAOBHE C) OfpefeNeHHs 3 BbINOJHEHO.
JlokaxeM Tenepb, uto H ycjaosue d) onpernenenus 3
BBINOJIHEHO.
Ecy 7 ecTh NPOH3BOJBHBIA deMeHT MHoxectBa U, TO
mHoxkectBO (1 —I—U,,)-1 COCTOHT H3 BCeX 3JIeMeHTOB BHJIA

l—lf—r . D1y Apob6b HaM HYXHO 3anucath B BHJe

1
l_‘_r=l+s.
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M3 nocnenneii ¢opmyJiel mosyyaem
_.a n
S=b+apn p *
Orciopa cnepyer, uto s€ U, u notomy
(14+U,)cl+4U,.

CnepoBatenbHo, ycnoBue d) onpeneneHusi 3 BBIIONHEHO.
[lycte r—mpoussosbHOe uncno 3 R. B cuny coorHo-
wenusa (21) ero MoxHO 3anHcaTh B BHJE

a
r=?pk.

3aech b He genutcs Ha p, a k— NPOU3BOJBHOE LENOe YHCO.
YMHOXKas okpectHocTh U, Ha uucio r, 3afaHHOe MocjelHed
¢dopmysio, mosyyaeM, OYEBHAHO,

rU,c U, ..

M3 sroro BHAHO, YTO yCJIOBHE €) ONMpefeNeHUus 3 BBINOJHEHO.

[Ipu MOCTPOEHHH p-aJHUECKHX UHCEJ MCIOJb3YeTCsl aHa-
JIOT Pa3JIOKEHHs LEJNOro HEOTPULLATENBHOTO YHCNA B CYMMY
creneHefl yucna p. PasjoxeHue 310 aHANOrHYHO TOMY, KOTO-
poe Mbl ynorpebjseM NpH JeCcATHYHOH 3alMuCH LENbIX HEOoT-
pHLATENbHBIX YHCEN, HO TaM BMecto p durypupyer uucio 10.
B03M0KHOCTb Tako# 3amUcy TMOYTH OYEBHIHA, HO Mbl BCE-TaKH
ee cHOPMYIUPYEM H JOKaKEM.

B) Kaxnoe unesnoe HeoTpHUATENIbHOE YHCIO X MOXKET GbiTh
3alMCaHoO B BHJE

X=x,FxXp+X,p*+ ... F+x,p% (23)
rie Ko3pPULHEHTH X, Xg, ..., X,—LeJble YHCIa, YAOBJIETBO-
pAOLIYe HepaBeHCTBaM

0<x;<p—1, i=0,1,..., n

Ilpu x=0 B pasmoxenun (23) Bce KOIPPHUIHEHTL PABHLI
HYJIO U OHO HMeeT MecTo. IIpu x > 0 moKasaTenbCTBO GYnem
BECTH HHAYKTHUBHO, UMEHHO, Mbl GyJieM CUMTaTh, YTO IJIsi BCA-
Koro uucna x' < x pasioxeHue (23) UMeeT MecTo.

PaccmotpuM GecKOHEUHYIO T'eOMETPHYECKYIO MPOTPECCHIO

L p, p* ..., pm P, L

Kamnoe HaTypaJbHOE YHUCJO X HENPEMEHHO Ionajger B OJUH
U3 TIPOMEXKYTKOB MEXKIAY JABYMSI COCEAHMMH 4YJ/JeHaMH 3TOH
NPOrpecCHH. ﬂOHYCTIfIM, 4YTO HMEIOT MECTO HEpPaBeHCTBA:

pn < X < pn+1.
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Pasgesnm Temepb uucio X Ha uucao p”. Torpa Ml mosyunm
PaBEHCTBO

x=x,p"+x'. (24)
31ech
< pr, 0<x,<p—1,

Tak Kak ecju Obl X, OblIO GoJblle MJIH PaBHO p, TO X GBLIO
Obl 6OJIbIIE WJIM PaBHO p"*!, UTO MNPOTHBOPEUHT MPENNOJo-
xkenmo. Tak kKak uucao x’' < p"<Cx, TO OHO pasjaraercs
B CyMMy, aHaJOTHYHylo (23), mpuuém B Hell NpHCYTCTByeT
He Gosee uem (n—1)-a crenenb p. M3 sToro u us pasencrea
(24) BeITeKaeT passoxeHue (23).

Mg 3anucamu B opMe (23) Kaxjoe Lesoe HEOTPHIATEb-
Hoe uuciao U3 R. Ho oTpuuaresbHoe Lesnoe YHCIO Heab3a
samicath B Qopme (23). TouHo Tak XKe paunHoOHaJbHOE YHCIO
Buja (21) He Bcerja MOXKHO 3amucaTb B dopme (23). Kpowme
Toro, mose R ¢ 3ajaHHO# B HeM mnpu mnomowu A) Tomoso-
rueli He sBJsercs noaHbiM. IlosTomy Mel Gyjpem paccMaTpu-
BaTh BEJMYMHBI, HECKOJbKO OGOCLMB BhIpaxkeHne  (23).
Vimenno, mpl 6yjaeM paccMaTpuBaTh O€CKOHEUHBIE DBl MO
CTelleHSIM p, BKJIOYalOImHe, ObITH MOXKET, KOHEUHOe YHCJIO
OTPHLIATE/NbHBIX CTeNeHeHd, M OmNpesesuM ajrebpanueckKue
JIeHCTBUA HaJ HUMH.

C) O6o3naunm uyepes K§ COBOKYIHOCTb BCeX pslOB BHJA

o]
x=2 xip'; (25)
i=
31eCh KO>(PQUUHEHTH X; CYyTh LeJble YHCJIA, YIOBJIETBOPSIO-
liie HepaBeHCTBaM

O<xi<p_l’ i=k7 k+17"~ (26)

B mHoxecTBe Kf MBI BBeJieM ONepalHH CHOKEHHT H YM-
HOMEHUS Tak, uTo Kf mpeBpatuTcs B Nose, a Takxe TOINO-
JIOTHIO—TaK, 4TO mnoje KJ cTaHET TONOJIOTHYECKMM IIOJIEM.
Byner ycraHosaeHo, YTo mote R ¢ TOMOJOrHell, BBeleHHOIl
B HeM B A), COIEpKHUTCS B TONOJIOTHYeCKOM nosie K3 u urto
KaXX/Blll 3JIeMeHT TOmoJornyeckoro noas K§ ssisietcs mpe-
JeNbHBIM /8 COofiepKaulerocs B HeM moJs R.

[pu noctpoennu anre6pauyeckux olepauuii B mnose KJ
Mbl OyJeM [POHU3BOJHTL OIEpPALHI0 HCHpPaBJIeHHA Ko3pdu-
LIHEHTOB, KOIOPYIO ONMILEM ClepBa B 0oOEeM BHIE.

Onepanust 3Ta COOTBETCTBYeT MPHHATOH B apudMeTHKe
Ppase «7 numem, 2 B yMme», KOTOpas NPOM3HOCHTCS TMpPH
C/IOXKeHUH M YMHOMKEHHH IIeJIbIX YMCeJ, B3ATHIX B JECATHUHON
3allkCH.
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D) Ilycrs ’
W= igk wp’, 27)

rie Ko3bhHIMeHTH w; MOTYT yKe He YJOBJETBOPATh Hepa-
BeHcTBaM 1una (26). Ecnn w, He yl0BJIETBOPSET HEPABEHCTBAM
0 < W < pP— 1 ’

TO CYUIECTBYET ILeJIoe YUCHIO 24, YAOBJETBOPAMIIECE HEpAaBEH-
CTBaM

<z, < p—1

H CPaBHHMMOE C W IO MOAYJIO p, T.e€. TaKoe, 4TO

Wy = 25+ Up+1P-
IMoacraBum 3710 3HaueHue w, B cymmy (27). Torma mosmyyum
crefiyioliee BhpaxkeHue s w:

®
W= 2,p*+ (Ups1+ Wer 1) PP+ z—%z w;pte (28)
Ecnu He BHINOJHEHB! HepaBeHCTBA
0< s+ @pr i <p—1,

TO CYLIECTBYeT YHCJIO 241, YAOBJETBOPSIOIEE HEPaBEHCTBAM

0z 1 <<p—1

H CPABHHUMOE C UHCJIOM Uy, g -+ Wyy1 1O MOAYJIO P, T. €, TAKOE,
uTO

Ups1 Wht1=2ps1+ e3P
ToacraBnss 310 3HaueHue B psx (28), mosmyuum

W= 2,PF + 21 1P** 4 (Upy3 + Wyi5) PPHE+ i_};H w;pl.

Hponomxaa 3TOT MPOoHecC JaJnaee, NoaydyuMm IJIsi W BMECTO psaja
(27) pan

0
w3 p
i=k

yXe <HOpPMaJbHOI'O» BHJA, T. €. TaKoH, uTO KOSQQUUHEHTH
YZI0BJIETBOPAIOT HePaBEHCTBAM

0<z2,<p—1, i=k, kt+l, ...

OnpepenuM Teneph anreGpanueckue onepawun B K2,
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' E) Iycrs”
y= 240 (29)

i=k
€CTb NPOU3BONBHEIH 9aeMeHT u3 MHOXecTea KP2. 3pecn k&
B3SITO TeM e, YTO H JAAs paa (25), HO 3To He Hasaraer
HYK3aKHX OrpaHHUYEHHH, TAK KaK HEKOTOphle Ko3(duuHeHTH
B psjax (25) m (29) moryr 6nith paBHBl Hymo. CKaajpiBas
yycTo dopManibEo B pafnl (25) u (29), nonyuyum

x+y=i;2k(x,-+y1)p"-

[TpuMensia X 3TOMy pALY ONEPALKI0 HCOPABIEHUS KO3(pdu-
LHEHTOB, ONucarHyilo B D), Mbl monyuum pansa cymmsl x -y
yxKe pai B HOpMaJbHCH d¢opMe, T.e. JMEMEHT MHOMKeCTBa
K%, xcropuil u cuuraercs cymmofi x4y. Taxum oBpasom,
cyMMa X--y yixe MNpUHANJIEKAT MHOxecTBY Kg. Pasnocth
X—y ONpeJleJiM cnepsa, LpoHszelsd (OpMa/isHO BHIYHTAHIE
psiaa (29) us paza (25). Torza momyuum

x—y=§k (xi—y2) P

[Tpouspens ucipaBnerue KO3(QQHIHEHTOB 3TOrO PAAA IO CHO-
cofy, ykasanHoMy B D), MBI HOJyuuM IS X—y Psx <HOp-
MaJIbHOTO» BHAA, T. €. znemeHt us Kf. Ilepemuomas psmer
X W Yy Kak CTeNeHHbe PAAbl N0 p, NOJYYHM JJIS NPOU3BEAE-
HHS Xy HEKOTOPHH Psi mo cremensM p. Ilpoussens ucnpas-
JieHue ero Ko3QuuueHTOB mo cnocoby, yKasaHHOMy B D),
MBI TIONYYHM JJIs NPOUSBEACHHA Xy PAN «HOPMAJbHOTO» BUJA,
1. e. saement u3 K§. Wrtax, mMbl onpefennnu onepanum cio-
JKEeHHS], BHIYUHUTAHHSA H YMBOXKEHHMs DPsjoB puja (25). [as za-
BepIUeHHs TNOCTPOEHUsi asnreSpanyeckux onepauuil B nose K7
HaM OCTaeTcs MOCTPOUThL obpaTHBIY ajemeHnt. CrenaeMm 3To.

F) Byzem uckath oO8paTHHIA 3JEMEHT crepBa iIs Dsija

X=X apt+nr+..., (30)
rie x,5=0. O6paTunifi snement OyjAeM MCKaTh B BHAE psjia
Y=Yo TP+ 4P+ . .. 31)

Tlepemuoxas (OPMATLHO PSABL X, Y, MBI IOJNydHM
xy=w=w,+w,p+wp+..., (32)

rae
Wy =Xy + X1Yi-it oo o F XY
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3aech psia (31) pomxen GuiTh nog06pPaH Tak, 4TOOH GBLIO BbHI-
NOJIHEHO COOTHOLIeHHe xy= 1.

Takum obpasom, psn (32) mocne nompaBKH KO3(PGHIHEH-
TOB, onucaHHo# B D), nosxeH moayuuTs BUA

w=1+0p+4+0p*+...

Cornacuo nyukry D) ucnpaBnenssle KosdhduuneHTs psga (32)
3alHCHIBAIOTCSA B BHIE

o= Wy— Uy P;

=W+ Uy—Up p=XY; + X1 Yi—i+ - T XY+ U — U,y
i=1,2, ...

3aMeTHM INpexie BCETO, 4YTO MOCKOJABKY X,5=0, To cy-
mecTByeT o0paTHHIH eMy 3JeMeHT M3 noJjs BuluetoB P7 no
MO#yJ/il0 p, T. e. Takoe uucao O, uro Ox, cpaBHHMO C eIHu-
HHIEA Mo MOAYJIO p.

Takum of6pasom, mnepsBoe M3 ypaBHeHHH, KOTOpOe HaM
HYXKHO pELINTb, a HMEHHO ypaBHEHHe

2y =XoYfo—Up=1,

MMeeT pelueHue, UMeHHO, Y, = 0. TIpu i > 0 Ham HYKHO pelIaTh
ypaBHEHHS:

XoYp XYt oo T XYo+tUy— U ip=0.

YpaBHeHUs 3TH MOXKHO pellaTh IOCJeJ0BaTEJbHO € POCTOM £,
Ins ypaBHeHHs HoOMepa i MOABJSETCA JHIIbL OJHO HOBOE
HEH3BECTHOE YHCJIO Y;, KOTOPOe CTOHT C KO3(OUIHEHTOM X,,
NOTOMY ypaBHEHHE 3TO MOXKHO DPa3pellHTb OTHOCHTENBHO Y.
Kaxnpiii pas Mbl MOXKeM BHIOHpaTb pelleHHe y; Takoe, YTOOH!
OBLJIM BBINOJIHEHB! HEPaBEHCTBA

o<y <p—1.

Tagum oGpasom, Mbl NMOCTPOUM 3JEMEHT Yy, OOpaTHLIH K 3Je-
Menty x (cM. (31)), mpuuem y,7=0. Ho Kamuwit psx Buia
(25), OTMMUHBEI OT HyJf, MOXKeT ObITL 3amucaH Kak pix
(cM. (30)) u obpatublil emy smemeHT (cMm. (31)):

Ny
(ptx)='=p1y.

B cBoio ouepenb KaxAblil Takofl 3JMeMEHT MOXKeT ObIThb 3a-

nacaH B Bule (25) U NoTOMY OpPHUHANJEKHUT MHOKecTBY K4,

Takum o6pasom, Ajsi KaxIAOro 3JeMeHTa MHoKectBa K% Mol

MOCTPOHJIM OOPATHBHIH 3JIEMEHT.

Hna Toro uro6n no0KasaTh, uto K% ¢ BBeleHHLIMH B HeM
oNepanUsiMH fBJISIETCS] [0JIEM, HYMKHO [10Ka3&Th elé acco-
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UMATHBHOCTh CJIOXKEHHSI M YMHOXEHHUs, 4 TakKxe AHCTpuby-
THBHOCTb (CM. onpenenenue 4). DT0 He OUEBHIHO, TaK Kak
roc/ie TPOBefeHHsi KaXAOH omnepauun TpeGyeTcss MNPaBUTh
kospdpunuentsl. Ho mokasatenbctso 3TuXx (akToB s npoBo-
JUTb 3Jech He Oyny.

Beenem Temepnr B nosie KJ TOMOJOTHIO NpH TNOMOIIH OK-
pecTHOCTel HYJs, KaK 3TO CJe]aHO B ONpeje/eHHH 3.

G) Tlonuyio cHcTeMy OKpecTHOCTeH HyJs

u,Uu,...,.U (33)

B mosie K8 onpefienuM, BKJIOUMB B OKpecTHOcTb U, Bce pambl
BHAa (25), B KOTOpHIX k=n, T. €. Bce psilbl BHJA

X=X,p" + Xy P (34)
Buinumem elle OJMH pAL Takoro xe BHIA
Y=YuP"+ Yp:P" Ao

Kaxapii U3 3TUX pSAJOB XapakTepH3yercss TeM, YTO TMepBbie
n ko3bpuLKeHToB ero paBHbl Hymo. OxasbiBaeTcsi, 41O JJid
CHCTeMbl MHOXKeCTB (33) BBINOJIHEHBI BCE YCJIOBHS oOmpejele-
Hus 3.

Jokaxem 310. OdeBHAHO, YTO MOC/IELOBATENbHOCTb (33)
ecTb yObIBaomas MOC/Iel0BATEIbHOCTL MHOXKECTB, NpPHUEM
riepeceyeHye 3THX MHOXKECTB COIEPXKHT HYJ/b H TOJNbKO HYJIb.

[Tpu dopmancHOM clOXKeHHH X H Yy, BXoasmux B U,, Mbl
MOJNYYHUM pSJ @, NepBble 7 KOS(PPHLHEHTOB KOTOPOIO PaBHbI
uymo. [Ipu npaske KospHUHEHTOB 3TO OBCTOATENLCTBO He
MOXKeT ObiTh HapyueHo. TakuM o0pasoM, Mbl HMeeM

U,+U,cU,.

Ho Tak xak Un COLEP2KUT HYJIb, TO BMECTO MNOCJEAHErO
BKJIIOUEHHS1 HMEEM paBEHCTBO

Uy+U,=U,. (35)

Takum o6pasoM, ycioBHe a) onpefeseHHst 3 BBIIOJHEHO.
[lpu ¢opmasbHOM NEpeMHOXKEHHH PSAROB X H y MBI TOJY-
YUM psJ, HU3LIeH CTeleHbio p B KotopoM Oyjer 2n, a mpe-
IbLIyLIHe KO9DhUIHEHTE paBHbl HYJMO. IDTO 0GCTOSTENLCTBO
He MOKeT H3MEHHTbCH NpU NpasBke KOIPPULUEHTOB, TaK YTO

U,U,c U,,.
Takum obpasom, ycsioBHe b) onpejeseHHss 3 BBINOJIHEHO.
[IpeoGpasoBannem dopmasibHOro paga—x (cM. (34)) msl

AOMy4yuM psIA, NepBble 7 KO3(Q(PHLUHEHTOB KOTOPOr0 paBHBL
Hymo. [Ipn npaBke KOpQHUHEHTOB 3TO OOCTOATE/NBCTBO He
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MOXKET M3MEHMThCH. TakKuM 06pasoM, Mbl HMEeM
—-U,=U,.
Orciona caemyer, 9TO YCJOBUE C) ONPEISTEHNs 3 BHIOJIHEHO.

MuoxectBo (14 U,)~! coctouT u3 BceX 9/1eMEHTOB BUJA

'l_—]lT)'c' (cm. (34)). IlpencraBum sToT aaeMeHT noia K2 B Buue
1

14-x

Orcioga y=—x/(1+x). B cuny F) snement (1-+x)~! ectn
anemeHT psja (31), HaunHaomuica ¢ HYJEBOH CTeNeRH p.

TAK KaK psii —X HA4HHAeTCs C N-H CTENeHH p, TO MH
noayuaeM y € U, u, cnenosarenbHo,

I+U)tc1+4U,.

Takum o6pasom, ycnosue d) onpenenenuss 3 EbIIONHEHO.
[lycte x—psig Buga (25), T. €. NPOHSBOJIBEBIA 3JEMEHT
nons K4. $lcuo, uto

=1+4y.

xUnC Un+k’

Takum o6pasom, yc/oBie €) onpeleneHHst 3 BBHINOJIHEHO.

BriiounM Temepb moJsie R paunuoHalbHBHIX YHCeNT B ToJe
KP c sagannofi B R p-aguueckoll tonosioruefi (cm. A)). Die-
meHt r (cm. (21)), npuHagaexamui nomo R, rae b me me-
JUTCSl Ha P, MOXKET ObiTb 3alHCaH B BUJE

ab~1pr.
Ho saement b~ nons KP sanuchiBaeTcs B BUJIE
b7t =yo+ yup + Yo+ - o,

rae Y, 5~ 0. Takum o6pasom, 37eMeHT r BKJIOUEH B nose KP,
Tpuuem oxpectHocTH (22), umelomuecss B R, nepexoisr B
oxpecrHoctH (33) monst K§. Takum o6pasoM, Mbl BKJIIOUM/IM
TomoJioruyeckoe noje R B Tomosoruueckoe none K% c coxpa-
HenueM Tonosoruu. s sneMeHTa X, 3ajaHHOro psuoM (25),
BBelieM onepanyio b, (x) dopmynoi

1—1
b, (x)= i;zk xp'

fcno, uto b, (x) ER.
Bunno, uto
x—b,(x) €U,
Orciona caenyer, 4TO
limb, (x)=x,
n->ow
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npuuem b, (x) € R. Takum o6pasom, Kax bl snemeHt nosst K3
ABJIsieTCs TPeJlesioM TI0C/IeI0BATEbHOCTH 3/1EMEHTOB BJIOXKEH-
‘HOTO B Hero moJas R.

Ilna mpuMepa paccMOTPHM 3alMch djeMeHTa—1 U3 moss
K? B dopme (25), mosyqaroutytocst nocsie UCpaBIeHHsT KO-
¢unuentos (cM. D)). Mbl umeem

—l=w=w, 4w, pt+wpi+...,

rae w,=—I1, w;=0, w,=0. Hcnpasasa kospdpuuuent w,,
MBl MOJNYUYHM W,= 2,4 Up, THE Zy=p—1; u,=—1.

Hanee, w,+u;=—1. IlostoMy B peayabTaTe €ro Hc-
NpaBJeHUsl NonyyaeM Wi+ Uy = —1=2;4 u;p, rae z,=p—I,
u,=—1. Tlpono/mkas aToT npouecc Aajbile, MB [OJyYaem

<]

s w=—1 ucnpasienusiii psg —1= Z(p—l)p“, HHaye,
=0

(=1 A~+p+p...).

DBeckoneunelt psig, crosiuii B cko6KaX, CXOAUTCA B TOMOJO-
ruyeckoM nojse K§, Tak Kak p’ cTpeMuTCS K HYJIO C POCTOM i,
U TIOTOMY Mbl HMeeM

l4p+pit . ==

Takum o6Gpasom, mosnyyaem

—l=(p—Di—==-1
4TO TOATBEPIKAAeT MPABHJLHOCTh HAIIMX BBHIKJIAJOK.

§ 22. Hexoropbie TONONOTMYECKHE CBOMCTBA
noas K¢ p-anuueckux umcen

A) Tlyets U,—npousBosbHas OKPECTHOCTH
cucremsl (33). OGo3Hauum uepes 0, COBOKYNHOCTh BCEX TOUYeK
u3 Kp, ve Bxogamux B U,. OkasbiBaercs, 4o 0, ecTh 3aMk-
HYTOe MHOXKECTBO.

Hokaxem sto. HonyctuMm mpotuBonosoxHoe. Ilycts

XX, %Y . (36)

— HEeKOTOpast NOCJeN0BaTe/bHOCTh Touek M3 0, cxoasmascs
K TOUKe x(EG,,. Torna x € U,. Tak Kax NOC/TIeN0BATENbLHOCTD
(36) cxonuTcsa K X, TO COrJIaCHO OMpEAE/EHHIO 4 3TO 3HAUMT,
B YaCTHOCTH, YTO IPH JOCTATOUHO GOJIBLIOM ¢ HMeeM

x'—x)eU,.
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Torga B cuny (35) umeem:
xex+U,cU,.

W, cnepoBatesnbHO, BCe 3/EMEHTH MNOCJeLOBaTesabHOCTH (36),
HauWHasg ¢ JOCTaTOYHO GOJBIIOrO HOMepa, npuHaujexar U,
¥ He MoryT npunajsexatb 0,. Takum o6paszoM, Mbl TpHIUJIH
K NPOTHBOPEUHIO H, CJIe[I0BaTe/IbHO, IpeoxKeHne A) 10Kasaro.

3aMeTuM, 410 p-ajUuecKoe YUCJIO X, 3ajlaHHoe psnom (25),
NpHHALIEXKUT OKpecTHOcTH U, TOrAa u TOILKO Toraa (cM. (33)),
koraa b, (x)=0.

Hapsiny ¢ p-aguyeckuMm yMcIOM X, 3aflaHHBIM psijom (25),
paccMOTPHM NPOHM3BOJNILHOE p-aAHUecKoe YHCJIO Y, 3alaHHOe
psazom (29).

B) Pagnocth x—y p-aguueckux uucesq x ¥ y (cMm. (25)
u (29)) npuHapnexxkur okpecroctd U, Torga u TOJIBKO
toraa (cMm. (33)), Korja HMeeT MecTO PaBeHCTBO

bn (X) = bn (y)

HoxraxeM 370 yTBep:xkaeHue. Ilpum mocTpoeHHH pasHocTH
X—y MBI crepBa C1pouM (OPMaNbHYIO PAasHOCTb MEXAY ps-
Jamu (25) u (29), T. e. pag

0 @
w=2 wp'= 2 (i—y)) p's (37)

1= (=
Ilycts ”x,-—y,—nepsblﬁ U3 KO3pQUUHUEHTOB 3TOr0 psjla, OT-
JUYHBIA OT HYJd. A 3T0 3HAUMT, YTO X;,— Yy, HE CPaBHUMO
¢ HyJaem no mopyswo p. Takum o6pasom, NpH NpaBke Ko3(-

(uuueHToB pana (37) nepBLIM OTJIMUHBIM OT HYJSl OYAET KO-
spuLHeHT 2;, ¥ M OyJeM HMeTb

b, (x)=b,(y),

npuyeM [ —mHauGosbIIee UYMCJIO, YJOBJETBOPAIOIIEE STOMY
ycqosuio. OTCrOla BbITEKaeT NPaBUJIbHOCTL yTBEp:KieHUs B).
C) Ias Toro uTo6Bl NOCJEA0BATENLHOCTD

XX, o0, X9, ... (38)
5JeMEeHTOB TOIOJIOTHYECKOro noas K5 cXomunach K sJjeMeH-
Ty X 3TOrO MoJs, T. €. 4YTOObl HMeJO MeCTO PaBeHCTBO

lim x9 = x, (39)

q—>®

HeoOXOAUMO U JOCTaTOUHO, yToOBl /11 KasKJ0ro HaTypaJb-
HOTO 4YKCJa N HAaIIOCh HACTOMBKO OO0JbiIoe HaTy paJabHOE
YUCJIO 7 TakKO€, 4TO IIpU q > r uMeeM.

b, (x7) = b, (x).
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JlokaxkeM 3T0 yTBepKIeHHE. v

Cornacuo § 18 B) coornomenue (39) BbimosiHfieTcs TOrAa
¥ TOJbKO TOTja, KOrAa /st [POHU3BOJBHOIO HATypasbHOTO
yycsIa n Hafiercst HAacTOJbKO O60JIbllloe HaTypajibHOE YHCJIO
r, 9T0 NpH ¢ > r HMeeM

(xtl__x) € Un'

Ho B cuny npepnoxenuss B) nocnennee BkioueHne umeer
MecTO TOrjJa M TO/IbKO TOrZAa, KOrJa BHINOJHEHO COOTHOIIEHUE

b, (x7)=b, (x).

Takum obGpasom, ytBepxaeHue C) NokasaHo.

D) Jlio6Gas okpectHocts U, (cM. (33)) 3aMKHyTa H KOM-
nakTHa. JlokaxeMm crepBa 3aMKHYTOCTb MHoxecTBa U,. die-
MeHTHl OKpecTHOCTH U, XapakTepH3YIOTCs YCI0BHEM

by (x)=0.

Ecnu Tenmepb mNpeanoJ/okKuTh, 4TO INOC/IELOBaTeNbHOCTH (38)
nenuKoM conepxkurcs B U,, To And Bcex JHOCTaTOYHO G6OJb-
IIHX HATYypaibHBIX YHCEJ 7 MMeeT MeCTO PaBeHCTBO

b, (x1) =b, (x) (40)

(cm. C)). 3amerum Temepb, 4TO OpH v < f 4 JOGOro 3Je-
meHTa y u3 Kf uMeeT MeCTO COOTHOLUeHHE

by (b, (4)) =0y (9)-
Ecnu tenepp umeer mecto paseHcTBO (40), To
by (x) =by (b, () = by (b, (x7)) = by (x7) = 0.
Takum o6Gpasom,
xeU,,

u, crenosartenbHo, U, 3aMKHYTO.

JlokaxeM Tenepb KOMNAKTHOCTb MHOxecTBa U,. B cuny
§ 19 C) 310 o03HauaeT JOKaJbHYK KOMIAKTHOCTbL TOINOJOTH-
yeckoro mnosisi KE u, cjeoBaTesbHO, €ro NosHoTy (cM. § 19G)).

[Tycts M —GecKoHeyHOE MOAMHOXKECTBO 3/1eMeHToB u3 U,.
TTockoIbKY TEepBBIH 371eMEHT pasoXKeHHs KodpduuueHTa X
B psA (25) MoxeT NPHHHMATb JHIIb KOHEYHOE YHCJO 3HA-
yeHUH, a UMEHHO p, TO B M MOXHO BBEIJENHTb GeCcKOHEeYHOe
MHOKeCTBO M, Takux 371eMeHTOB u3 M, y KoTopeix Ko3ddu-
LIMEHTBl X, COBHIAJAlOT Mexay coboii B page (25). Touno
Tak ke B MHOXecTBe M, BbIIEINTCS GECKOHEYHOE NOAMHO-
KecTBO M, .y, 371eMeHTB X KOTOPOro HMEIT OfMHAKOBLIE KO-
uuHeHTH X,.;. M TOUHO Tak ke BhjenseTcs OGECKOHEYHOE
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NOAMHOXKeCTBO M,,5 B MHOXecTBe M, ,;, U MBl HOJydYaem
6eckOHEUHO YOBIBAIOILYIO TOCJELOBATENLHOCTh IOAMHONECTB

Mv M}u ‘/Mk+l" Mk+§)' L)

npuueM JJA ABYX 3jeMeHTOB X’ M x”, mpHHamaexamux M,
VMeeM PaBeHCTBO

by () =b, ().

Bribepem Temepb U3 MHO:KecTBa M, NPOM3BOJBHEIN S/EMEHT
xt. Mur umeem (cM. C))

limx¢=x,

l>m

rjie X-— HEeKOTOpHIH aneMeHT MHoxkecTBa U,. Takum oGpasowm,
KOMIAKTHOCTL MHO}ecTBa U, JoKasaHa.

Urak, npeancxkerue D) noxasano.

Uayuaum Tenmepn JAeTanbhee okpectHOCTh Uy Byas nosst KE.

E) Oxpecrroets U, pacnajaercs B KOHEYHY'O CyMMmy
KOMITAKTHBIX 3aMKHYTHIX [ONApPHO HENEePeceKaloUmuXCsH MHO-.
MEeCTB BHAA

A Usy gy (1)

rie x%; a=1, ..., p'—pasnayHble 3JeMEHTHl OKPECTHO-
cta U,,.

Hokaxem ato. [lyctb x—npousBosbHEE anement us U,
Torna

bys1 (X) = 24P 4 Xy PV b Ky pVHI T = 1

€CTb MHOTOWIEH OTHOCHTeNBHO p ¢ [ koabhdunuentamu, kax-
ABl M3 KOTOPHIX MOXKeT NPUHHMATh p PA3/JIUYHBIX 3HAYEHHME.
Takum o6pa3oM, nocieinas (opMyJa COAEPKUT POBHO pt
Pa3IUYHEIX MHOTOW/IEHOB. OTH MHOTOY/IEHH Mbl 0603HaYaeMm
yepes x*. CoBokymHOCTb Beex X € Uy, 415 KOTOPHIX by (1) =
= x%, npencrapasier coboii cymmy (41). Kaxmoe us mmo-
XecTB (41) samrHyTO M KoMmmaxTHo. [aJjee, ecanm x* =4 xB,
TO cooTBercTBylomue MHoxectBa x*+4U,,, u x4 U,,, ne
nepecekaioTcs. JlonycTHM npoTHBONMONOXKHOE, T. €. AOMYCTUM,
4TO HMeeTcs 3JeMeHT Y, NPHHALJMeXalHUH 3TUM ABYM MHO-
>KecTBaM. Torga Mel moJydaeMm

bosi(y) =x%, by (y) =x8,

yTO HEBO3MOXHO, Tak Kak x* =% xB. Wrak, npennoxenue E)
nokasano. OHo mokaselBaeT, uto okpectHocTh U, pasbura B
CyMMy KOHEYHOrO YHCJAa MajieHbKHX KYCOUKOB BHIa (41).
2710 MOXET MMEeTh MECTO M AJs BCero npoctpanctesa K3.
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F) B mnpocrpancrse K§ Her CBASHbIX 8aMKHYTHX Gecko-
HEYHBIX TOJMHOXeCTB.

Jlokaxem sro. JlonyctnM, uto M —cBSISHOE 3aMKHyTOE
NOJAMHOKeCTBO H3 K§. I'ch'rb Y —KaKOH-HHOY/b €ro 3/eMeHT.
Torna mHOMecTBO M'=M—y CBA3HO U COZEPNKHT HYJb.
Tak kak wmHOxecTBO M’ GecKOHeuHO, a OKPECTHOCTH U,
(cMm. (33)) mepecekaloTcsi TOABKO IO HYJMO, TO Hafizercs
HACTO/IBKO GOJIbIIOE HATYPAJIBHOE HHCIIO 71, YTO OKPECTHOCTH
U, He CONEPXKHUT TONHOCTBIO Beero MHOXecTBa M'.

" O6osnauum vepes M; nepeceuenne M' N U,, a uepes
M;—nepeceuenve M’ nB (cm. A)). Maoxkectsa M n M,
BaMKHYTHl U He IepeceKaioTcs. TakuM 06pasoM, MHOMKECTBO
M’ He cBsi3HO, a NOTOMY H HE CBSI3HO HCXOIHOE MHOMECTBO
M. Tagkum o6pasom, Mbl TpPHLIUIH K [OPOTUBOPEYHIO, H YT-
BepxaeHue F) noxasaHo.

§ 23. Ilone psinoB Haj nojem BLIYETOB

Tlyctb PP—rmosie BBHIYETOB N0 MOAYJIO 3aiaH-
goro mpocroro uucaa p (cMm. § 16). Bripaxkenue

a(f)y=a,+a;t +a,t24- ... +a,t?, (42)

rae xKo3bhHUHeHTH @, @y, ..*, @, CyTb BHIUETHL 0 MOAY/JIO
p, HasblBaeTcss MHOrowJeHoM Haj nosem PP. Hapx mHoroune-
HaMH BHZAA (42) MOXHO NpPOH3BOAUTL OMNEPALHUU CJOKEHHd,
BBIYMTAHHS H YMHOXEHMf, [POU3BOASA COOTBETCTBYIOLIHE
JeficTBUA Kak Haj sJaementamu noas PP. Ecim b(f) ects
Jpyrofi MHoroujeH Tuna (42), TO BbHIpaxkeHue
a(t)

=50 (43)
HasblBaeTCsi PAaLMOHAJBHBIM BbIpAXKeHHEM Haj mojem PP,
JApo6u Buma (43) MOXKHO CKJafbiBaTh, BBIYUTATh, YMHOXKATb
H JeMUTb 1O OOLIYHBIM MpaBUJaM, TaK UYTO COBOKYITHOCTb
BCEX 3THX JApoGefl coctaBasieT none P2.

B nose P? BBOAMTCS TOMOJIOTHS, CMBICA KOTOPOH 3aKJio-
yaeTcss B TOM, 4TO BbIpakeHHe (43) cuMTaercs TeM MeHbILe,
geM Jydille OHO JeJUTCA Ha I.

A) B none P? BBoguTCS TONOJIOTHS NPH TMOMOIIM MO-
CJIelOBATENILHOCTH OKPecTHOCTeH HyJist:

Ui, Ugyo oty U,y- . (44)
(cm. (33)), npuuem B oKpecTHocTb U, BKJ/IIOYAKOTCS BCE BI-
paKeHHs BHJa

p= 00 n
=5 (45)
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rie TnpeinosiaraeTcsi, YTo MHOrouseH b(f) He JesauTCd Ha
t, T. e. ero cBoOoAHBIH u/eH b,=0 B nome P?. [Ipexne
BCEro SCHO, YTO [MOCJeloBaTelbHOCTL (44) ecTh yObiBatouias
NocJ/IeoBaTEIbHOCTb, MepeceKkaromascs ToAbKO M0 HYJIO.
Kpome Toro, okassiBaeTcsi, YTO BCe NATh YCJOBHH ompefese-
Husl 3 JIJIsi CHCTEMBl OKpecTHOCTe#l Hysa (44) BbINOJHEHHI.
Horaxem nocnenHee yreepxienue. Ecan
=0 4 =20
b)) "7 2T b (D)

— JIBa NMPOHM3BOJIHBIX dJeMeHTa u3 okpectHoctu U,, To sc-
HO, YTO M HX cymma ecTb ajemeHt U, . A Tak kak 0€ U,
TO Mbl MOJIyYaeM Cjefyiollee PaBeHCTBO;

U,+U,=U,.

M3 storo caemyer, 4To YCJOBHE a) OmpejeseHHs 3 BbIMNOJ-
HEHO. -
Hanee, MBI HMeeM

a1 () a3 (t) 450
i) b () 7
[lpn stoM 8HaMeHaTenb ApoGH b, (f) b, (), oueBuiHo, He ge-
nutrca Ha ¢. Takum oOpasoM, Mbl HMeeM
v,U,cU,,.

CJ/ief0BaTeIbHO, YCJOBHE B) ONpelelieHHs 3 BBINOJHEHO.
Jasnee, Mbl umeeM (cM. (45))

rry=

a(t) 4n
R0

Orcioaa moJsyuaeM
U n=— U 0y

W yCJIOBHE C) ONpeJeseHus 3 BHINOJIHEHO.

OneveHT (45) ecThb NPOU3BOJLHBIH 3JIEMEHT OKPECTHOCTH
U, Takum 00pasoM, NPOU3BOJIbHBIA 3JIEMEHT MHOXKeCTBa
(1+U,)~* sanuceiBaerca B Bue (1-4r)~* Ecau nmpexnoso-
KHUTh, UTO

1

147

TO AJIA S Mbl MOJIydaeM BEIpaAXKEHHE

=1-+s,

al) ___n.,

S= T rFam
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Takum o6pasom,

1+U)*cl+U,

¥ notomy ycsoBue d) ompeleneHHsi 3 BBINOJHEHO.
Iyctb
a(f) 4

s___-——_.

b(0)

— Tpou3BOJIbHEIE sseMeHT mnoas Pj. Torja ™Mbl nosyyaen,
OYEBH/IHO,

sU,cU

OTKYZa CJIefyeT, 4TO yCJOBHE e) oIpejesieHHsi 3 BbINOJHEHO.
Wrak, nocnepoBatenvHOCTh (44) fABJAsieTCs CHCTEMOH OK-
pectHocTell Hysas B Tene P%, B cuay vero P? craHosuTcs
TONOJIOTHYECKUM  [OJIEM. OKaSbIBaETCﬂ OLHAaKO, YTO ToJNe
5T0 He sABJseTCs JIOKaJbHO KOMNAKTHBIM. Iljisi Toro uto6et
BKJIIOUHTb €ro B JIOKAJbHO KOMNAKTHOE TNOJHOE MOoJe, MH
pPAacCMOTPUM BCEBO3MOXKHBIE Psifibl OTHOCHTENbHO ¢ ¢ K03(du-
nueHtamu us PP, Bkmouawoliye, OBITb MOXKET, KOHEYHOe YHC-
JIO OTpULATeJbHBIX CTeneHeld ¢f.
B) MuoxecTBo BceX pAl0B BHjA
@
x =2 xt, (46)
i=k
rie Ko3ppHUMEHTHl X; CYThb 3JeMEHTH NoJs BblueToB PP, a
k—uenoe uyuc/ao, ObITh MOXET, W OTPHLATENbHOE, 0003HAYHUM
yepe3 K?. B wmHOxecTBe K% ecTecTBeHHBIM 00pasoM omnpeje-
JSIOTCSl  ONlepallu¥l CJOXKEHHS, BBIYHTAHHUS H YMHOXKEHHS.
Jnis nocTpoeHua oOpaTHOro ajieMeHTa HaijeM cnepsa obpart-
HBEIA 3JeMeHT 1/ paja

X=Xy + Xyt + X80, (47

rae x,5%= 0. O6patHbill 3/7eMeHT 0603HAUHUM Yepe3 y W 3amu-
1eM €ro B BHIE

Yy=yo+yt+yt*+ ... (43)
[Tpoussesenue Xy obosmauum uepes w. Torma Mol Oynem
HMeThb
w= w;tt,
i=0
rie

Wy =X+ XiYi-1+ -« - + XY
3



Jlna Ttoro utoGel y Gbln OGpaTHBIM 3/MEMEHTOM K X, JOCTa-
TOYHO, YTOOB! OBIIH BHIIOJHEHB! YCJIOBHA

wy=1, w;=0, i=1, 2,... (49)
Ileppoe w3 aTuX ypaBHeHuil JaeT HaM COOTHOLIEHHE
Xofo=1.

D10 ypaBHeHHE pa3pEIMMO OTHOCUTEJbHO Y, B moje PP,

TaK Kak x,7= 0. Crenyomee ypaBHeHHE NOC/EI0BATENLHOCTH
(49) umeer BHA

XoYi+ %1y =0. ~

Ero Mbl J0/MKHB! pa3peliHTh OTHOCHTENBHO Yy, UTO BO3MOXK-
HO, TaK Kak Ko3bouiueHT npu y; He paseH HyJuo. Kaxnoe
cnenyiolee ypaBHeHue u3 psfa (49) comep:KHT JMIUb OJMH
HOBBIA HEH3BECTHBIHl d/EMEHT, BXOAAUME C HEHYJIEBHIM KO-
¢uuentoM. Takum oGpasom, snement y (cm. (48)), obpat-
HBIH K X, BBIUHCJISETCH, npuueM Y, 5= 0. IIpoH3BOJbHBIA pPsif
(46), nepaBHbIH HY/O, MOXKeT ObITb 3alMHCaH B BHJE

x=l‘5&
(cm. (47)), u MBI monyyaem
xt=t-ly

H oOpaTHblfi 3neMeHT i ¥ =0 mnocrpoeH. Takum oGpasom,
K? aBnsercs noseM. BBemeM B 3ToM nOJE TOMOJIOTHIO MO
cnoco0y, YKa3aHHOMY B ONpefeneHuH 3.

C) TocnepoBarenbHOCTh

Uy, Uy ooy Uny ... (50)

COKpecTHOCTel HyJsa noss K7 onpepenuM, BKMIOUHB B OKPECT-
woctb U, Bce psamwl (46), B koTOphiX k=rn. [lpexae Bcero
fICHO, YTO mocJenoBatenbHocTh (50) ectb yGHIBaromiasicss mo-
CAefl0BaTeNbHOCTh MHOXKECTB, MEPeceKaromuxcs No HyJIo.

Hanee oxkaspiBaercsi, YTO AJS HEE BHINOJHEHBI BCE MAThH
ycnoBuii onpenenenus 3.

Jokaxem ato. HenocpeacrsenHo nposepseTcs, YTO HMEIOT
M2CTO COOTHOLUEHHS

Un+Un=Un; UnUn=U‘2n; _Un=Un‘

Orciona caemyer, uro ycaosus a), b) u c) ompenenennsi
3 BBINOJIHEHB.

Iposepum ycaosue d). Muoxecrso (14 U,)~* cocroutr
us Bcex ajementoB Bupa (14 x)~!, rme B page ana x (46),
k=n, n>=1. Takum o6pasom, obpaTHbifi dneMeHT A1d (1 4 x)
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cymectByer (cM. (B)) n BaguHaerca ¢ emMHHIBI, a fajee
HIyT cTemeHu ¢, HauuHas ¢ n-H. B pesyabrare nmosyuaem

(1+U)y'e(l+U),

u ycaoBue d) onpeneseHHs 3 BHIIOJHEHO.
Ecnu Tenepb x (cM. (46)) —Inpou3BOJBHBIA 3/ieMEHT 104
K?, 10 sicHO, 4TO

xU, cU .

Takum obpa3oM, ycioBue €) onpelesieHHst 3 BHIIOMHEHO.
HMrag, cucrema oxpecrHocredi (50) onpenessier Tonosoruo
B nosie KP.
Baoxum Teneps P? B mone Kj.
D) Kaxnaedt aaemednt r noas P7? 3anuceisaerca B BHAE
(em. (43)) " '
_(1 n
r=5 ) i,

Tax kax Muorouner b(f) ve pesautcs Ha £, To B mote K? ou
uMeeT cOpaTHEIi 3aemedT b~ (1) (em. B)), u snemenr r noas
K’ sanucelBaeTcsl Tenepb B BRI

re=a(t)b=({) "

u sxomnt B Kf. Takum ofpasom, Tomonorndeckoe nose P?
BKJIOYEHO B TomoJIorHyeckoe mosie K?, mpuueM BcsiKas oK-
pectHocts U, u3 mnocnesosatenbrocTH (44) oKassiaetcs
BJIOXEHHOH B oOKpectHocts U, mnocrenosatessroctn (50).
CrenosaTesbHO, TONOMOTHUECKOE ToJe P? BIOXKEHO B TOMNO-
Jorudyeckoe noje K? ¢ coxpaHeHHEM TONOJICTHH.

E) Kaxpofi cymme x (cM. (46)) mocTaBuM B COOTBETCTBlE

KOHEUHYIO CYyMMY:
1-1

bl ()C) = gk xitl'.

Tlpexne Bcero scHo, 4TO ycJoBHe b,(x)=0 3KBHBaJeHTHO
ycaosuio x € U;. Orciona cieayer, 4to COOTHOLICHHe

lim x9=x

g—>®

yiMeeT MeCTO TOrja H TOJbKO TOrja, KOTAa AJIsi TPOHM3BOJb-
HOTO HATYPAaJbHOrO YHCJA 1 MOXKHO HAalTH TaKoe HAaTypalb-
HOe YHCJO r, 9TO NPH ¢ > r HUMeeM:

b, (x7)=b,, (x). (51)
W3 storo YCJ/I0BHA HENOCPELCTBEHHO BHITEKAET, YTO
lim b, (x)=x,

n—->w
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1o b, (x) ectb anemeHt nois P§. HMrak, mone P, BioxeHHOe
g noje K?, uMeer CBOMM 3aMblKaHHeM Bce moJe K7.

F) IlocTpoum Tenepb B3aMMHO-OJHO3HAYHOE OTOOPaXKeHHe
f mpocrpanctBa K? Ha npoctpaHcTBO Kf p-ajuueckuX yucel.
Insi noctpoenust otobpaxenus f B pange (46) 3ameHuM Kaxk-
JBIl BBIYET X; COZEpIKAIIUMCS B HEM YHCJOM X;, YJOBJeETBO-
psioinm HepaBeHcTBaM 0<Cx, << p—1, a 6ykBYy {—npocThiM
wncioM p. Torma psnp (46) mpeBpaTuTCa B p-ajMyecKoe YHC-
Jo f(x). Ilpu atoM oro6paxkeHnd asnrebpanyeckue onepauuu
He COXpPAaHSIOTCS, TaK Kak B M0Jie p-aJHYecKHX YHCeJ HMeeT

MecTo npaBka KodpduuuentoB. Ho cxonumocTb coxpansercs
(em. (51), (40)). Umenno, ecau
lim x?=x, (52)
g—> @

T0
lim (x7) = [ (x).
g>®

Hao6opor, u3 mnociennero cootHomenus ciaeayer (52). Hs
npepsoxenuss F) cienyer, uto nose K? He colepXKuT CBS3-
HBIX MHOXKECTB.

§ 24. O cTpyKType HECBSI3HBIX
JIOKaJIbHO-KOMNAKTHBIX TOMOJIOTHYEC. UX TeJ

B To BpeMms Kak JIOKaJbHO KOMNAKTHbIE CBSI3-
HBle TeJia [OJIHOCTBIO H3YUYEHBI, O HECBA3HBIX JIOKAJbHO KOM-
NakTHBEIX TeJax $i MOTY MpuBecTH 3lech Teopemy Koasbc-
Koro, nokasaHuyio uM B 1953 rony.

Teopema 6. Jlokareno komnaxmmuoe Hecéaswoe meso L
HenpemeHHo 6Co0y paspuleHo, N0 eCmb He COOepacUm CEA3HbLIX
NOOMHOXCECE U MO2Yym uMmemsCsi 06a 63AUMHO UCKMOHAIOUUX
CAyuas:

a) meso L umeem xapaxmepucmuky Hyav, u moeda 8 Hem
codepacumes nose K§= K p-aduueckux uuces;

b) meso L umeem xapakmepucmuxy p, u mozda 8 Hem
coldepacumes nose K= K pados omHocumersno Hexomopoeo t.

B oboux caydasx saemenmor noas K nepecmanosoutivt ho
YMHOMNCeHUIO ¢ dnemeHmani meaa L u umeemcs KoHedwolli Au-
Hetinoli 6asuc mesa L Had nosem K. Hmento, maxas cucme-
MQ 34eMeHmOo8

lo=e, ll, ooy lv’
4mo KaocOeul snemenm x € L sanuceisaemces 6 6uode
x=Xolo+ XL+ .. Xy,
20e koagppuyuenmer x; € K.
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B stofl RHHre Mbl PacCMOTPEsNH CHCTEMbl BEJIMUHMH C aJ-
re6panyecKMMH OMNEPALKAMH U MpPEeJe/JbHbIM NepexonoM, Ko-
TOpble ABJAIOTCA JOTMYECKH BO3MOXKHBIMH OOOOCLIEHHSIMH YH-
cen. B uwactHocTH, Hanaras Ha 3Ty CHCTeMy BechbMa OOLLHe
orpaHHyeHHs, Mbl TNPHILIM K pPe3yJabTaTy, YTO HHUKAKHX
IPYTUX JIOTHMYECKHX BO3MOKHOCTEH I/ MOCTPCEHHSI MpHEeM-
JEeMbIX B MaTeMaTHKe BeJHYHMH, aHaJOTHYHBIX NeHCTBHTENb-
HbIM U KOMILJIEKCHBIM YHCJaM, KpoMe NeHCTBHTENbHbIX U KOM-
NJIEKCHBIX 4YHCeN, He CyIIecTBYeT. IJTO MNOKAashlBaeT, YTO
JIeHCTBUTENbHbIE W KOMIIJIEKCHBIE UHCJIA CJOXKHJNCh B MaTe-
MaTHKe He B pesyJ/bTaTe CJAY4aHHOro Npolecca HCTOPHYECKO-
ro pasBUTHS, a KaK eJUHCTBEHHEIE JIOIMYECKM BO3MOXHBIE
BE/JHYHHbI, YyIOBJETBOPSIONIME TeM TpPeGOBAHUAM, KOTOpbIE
€CTECTBEHHO NPEeAbABUTb K YHCIaM.
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U3JATEJNIBCTBO «HAYKA»

TJIABHAS PEJAKUMA
GU3UKO-MATEMATUUECKOY JIUTEPATYPHI

117071 Mocksa B-71, Jlennuckuil npocnexr, 15

Tomosumea x newamu 8 1987 e0dy:

NMOHTPArHH JI. €. 3nakoMcTBO ¢ BbicHIEH
MatemaTHkoli: Aaredpa — 8 s1. (AHHOTHPOBaHHBIH
temmian 1987 r., no3. 43)

«2HAKOMCTBO C© BCiLeH MaTEMATKEKOH» — cepus HeGoMb-
1WIAX HAYYHO-NONYJIAPHEIX KHHT, HpeJHaSHAYEeHHAs IIKOJb-
HHK&M CTapIIHX KJAaccoB, HHTEPECYIOULNMCS MaTeMATHKOM.
«Anre6pa» — Tpeibs KHura B 3TOH cepud. B Heil npuse-
IeHH OCHOBHbIE pe3yJbTaThl ajreGpel, BKJIOUAs TEOPHIO
onmpejieaiutesedl, DTOT pasiies COCTaBJAfeT IVIaBHYIO 4acTh
kHur¥, Kpome TOro, B KHHI€ COJePXKHTCA pasfies], NOCBA-
IEeHHHH KOPHSM MHOTOYJIEHOB H KOMIJIEKCHBIM YMCJIaM.

JI/is LWIKOJLHHKOB CTaplIMX KJaccoB, HHTEPECYIOMMXCS
MaTeMaTHKOH. MoxXeT GHITh NO/I€3HA TAKKe NPENojaBaream
cpexHell u BiCHIEH IWIKOJEL

[NpesBapute/ibHEIE 3aKashl Ha JAHHYIO KHUTY HNPHHU-
maloTcs Ge3 OrpaHHueHHs BCeMH MarasuHam¥ Kauroropra
n AK2JeMKHHIH, PacnpocTpaHAIOMHUME (U3HKO-MaTeMaTHYe-
CKYIO JIHTEPATYPY.




HM3OATEJIbCTBO «HAYKA»

FJIABHASl PEJAKLMSA
®U3UKO-MATEMATUYECKON JIMTEPATYPBI

117071 Mocksa, B-71, Jleunnckuit npocnekr, 15

Tomosumesa « newamu ¢ 1987 eody:

MOHTPATHUH JI. C. 3HakomcTBO C Bbiclleid
maTemaTukoit: Meton koopuunatr — 6 1. (AnHOTH-
poBaHHBIH Temmuiad 1987 r., nos. 44)

B kuure uanaraercs MeTof KOODAHHAT M, B OCHOBHOM,
aHa/JHTHYeCKass TeOMeTpHs Ha MJIOCKOCTH. 3aTparupaiorcs
TaKKe BOIpPOCH anre6pel, JaeTcsi TreOMeTpHUECKoe H300pa-
JKeHHe KOMIJEKCHBIX YHCeNT H paccMaTpHBaIOTCs MHOTOYJIEHbI
KaK KOMIIEKCHble (YHKUHH KOMILIEKCHOrO MepeMeHHOoro,
4TO flaeT BO3MOXHOCTH 0KA3aTh OCHOBHYIO TeopeMy BhICLUeil
anre6pul. Bosee Gersio paoTcs JeKapTOBH KOOPAHHATHI B
NPOCTPAHCTBE W aHaJUTHUeCKassh FeOMETPHsl B MPOCTPaHCTBE.

JliA WKOJBHUKOB CTAPIUMX KJacCOB, MHTEPECYHOMXCs
maTeMaTuko#. Kuura moxer GHITb [0JIE3HA TaKKe Mpenoja-
BaTesiAM CpejlHeHd M BbICHIEH WKOJIBL.

[MpenBapuTesbHble 3aKa3hl HA NAHHYIO KHHUTY NDHHH-
MaTcs €e3 OrpaHHueHHs BceMH MarasuHamu Knuroropra
# AKaJleMKHHIH, PACIPOCTpaHsAOWUMH (U3HKO-MaTeMaTHye-
CKYIO JHTepPaTypy.







